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Abstract: Numerical Modelling of the swash-zone has received considerable
attention in recent years in an effort to better predict the hydrodynamics of this
coastal zone subsection. State of the art numerical models typically employ the
well-known Navier-Stokes equations or one of its variations. Consequently,
suitable boundary conditions are needed for such models to ensure that real-life
applications are simulated whilst also reducing the computational effort. This paper
presents an empirically derived sea-ward boundary condition at the initial still water
line position of the zone. The boundary condition is developed via laboratory
experiments which simulate regular linear incident wave climates upon
impermeable and variable beach slopes. The developed boundary condition
favorably mimics experimental data and better predicts swash flow depths and
velocities at the initial still water line when compared to more well-established
models.
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1. Introduction

The swash-zone is the region of the beach which is periodically wetted due to induced wave action
and more commonly defined by the run-up and run-down limits of the shoreline position. This
zone is of particular importance due to two main considerations: (1) it possesses the largest
sediment budget of the nearshore zone, and (2) it can be considered the most dynamic zone of this
region [1]. The oscillating run-up and run-down of the shoreline is termed the swash event and can
be broken into the uprush and backwash phases. In general, the hydrodynamics between each are
significantly different. Comparatively, higher maximum velocities are typical of the uprush phase,
whilst longer flow periods are typical of the backwash phase [2]. Despite the generic differences
between uprush and backwash, the overall hydrodynamics of the swash event is strongly
influenced by whether breaking or non-breaking waves occur at the shore [1]. This occurrence or
non-occurrence is dependent on offshore wave conditions and shoreface parameters. More
specifically, it can be stated that swash hydrodynamics is governed by offshore wave conditions,
as well as beach slope and constituent sediment size [3]. These parameters are highly variable;
wave conditions may vary across infra-gravity (30-300 sec period) and gravity (0.3-30 sec period)
scales [4]; beach slopes may range across varying degrees of steepness; sediment size may range
from fine sands to boulders [5].
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In-situ investigation of swash hydrodynamics is difficult due to the temporal and spatial variability
of natural swash events. Consequently, both numerical and physical modelling of the zone have
been pursued where a typical reduction to a single swash cycle within models is assumed by many
researchers [3]. Earliest numerical models can be dated to the 1950s (e.g. [6], [7] and [8]). These
models predominantly employ the depth-averaged nonlinear shallow-water theory or Boussinesq
simplifications and have significantly advanced understanding of the swash-zone. Nonetheless,
the complex processes of the zone’s hydrodynamics are not completely understood, warranting the
need for further in-depth investigations [2]. Alternatively, depth-resolving models, which
implement some form of the full Navier-Stokes Equations, presents a viable option for an
improved flow description in the zone. Earliest implementations can be dated to 1984 for
simulations done by Svendsen and Madsen [9]. To date, such models have contributed to
turbulence, bore collapse and infiltration/exfiltration effects within the zone. However, the
significant improvements in accuracy and flow detailing provided by such models are associated
with an increase in computational cost [10].

Therefore, it appears desirous to pursue any technique which can reduce the computational cost of
such models within the zone. This paper presents one such mechanism in the form of a simplified
presentation of the seaward boundary condition. This boundary is applied at the geophysical Still
Water Line (SWL) position of the beach foreshore, for limited wave conditions. Although the dam
break problem has historically been used as the initial boundary condition at the SWL for a single
swash event generated by a collapsing bore, [11] and [9] have outlined observable discrepancies
with this analogy. Additionally, the dam break boundary condition is applicable for a single swash
event and does not directly/indirectly consider any reflected energy or superposition due to
previous swash cycles. In contrast, the novel boundary condition developed by the authors is
derived from periodic regular waves within the gravity wave band. Hence, it indirectly
encompasses any possible superposition between backwash and up-rush energy seaward of the
zone. It should be noted however that the developed boundary condition is limited to non-breaking
waves at the SWL, as well as, breaking waves seaward of the SWL position.

Section 2 gives a brief overview of typical hydrodynamic models used in the zone, with a specific
focus on depth-integrated and depth-resolving models. Section 3 outlines the experimental set-up
and methodology used to develop the novel boundary condition. Section 4 presents the results,
post-processing and performance analysis of the developed boundary condition. Finally, Section
5 gives concluding remarks.

2. Swash hydrodynamic models

The water depths are very small in the swash-zone [12] and flows are incompressible and
Newtonian, thus highlighting the suitability of the Navier-Stokes Equations (NSE) [10]. Previous
theoretically based swash hydrodynamic models have applied simplifications to the full NSE. The
result are models which utilize the Boussinesq type equations or Non-linear Shallow Water
Equations (NSWE). Comparatively between these, the NSWE are better suited for shallow flows
[13]. Hence, most simplified models apply the NSWE. In addition to these simplified models,
empirical and semi-empirical models have also been developed for the zone. Baldock and Holmes
(1997), ([14]), is one such semi-empirical model that has produced acceptable results for steep
beaches. Brief details of the NSE, NSWE and the Baldock and Holmes models are presented in
this section.

178



8.4
i % The International Conference on Emerging Trends in Engineering and Technology (/ConETech-2020)
3 Faculty of Engineering, The UWI, St. Augustine | June 1%t -5, 2020
2.1 Navier-Stokes Equations (NSE)

The NSE, Eqgs. (1) and (2) (conservative form), are generally understood as Newton laws of motion
applied to fluids and comprise two partial differential equations.

®/ s +v(pT)=0 (1)

aPV/ oV (pUU) =-VP + V-(1)+ pg +F )

Where: P, p and 7 are the fluid pressure, density and viscous stress tensor respectively, U is the
fluid velocity vector, F is any other external forces acting on the fluid and g is the acceleration due
to gravity. In general, solutions of NSE are so complex that analytical solutions exist for only a
few simple cases [15]. Consequently, solutions to Egs. (1) and (2) are largely pursued numerically
under the branch of Computational Fluid Dynamics (CFD).

With regard to swash flows, the NSE must also be solved with an additional multiphase model due
to the transient nature of the swash lens. Moreover, relevant closure models must be added when
ensembled-averaged versions such as the Reynolds Averaged Navier-Stokes and Large Eddy
Simulations are used to consider turbulent descriptions. As a result of such added descriptions,
coupled with the depth resolving nature of Egs. (1) and (2), NSE models are recognized to be
crucial in better understanding swash flows. Popular examples of their use within the zone can be
found in [9],[16], [17] and [18]. Unfortunately, solving Egs. (1) and (2) depends heavily upon the
availability of computational power due to the typical high computing costs associated with
solving these equations [10].

2.2 Non-linear Shallow Water Equations (NSWE)

The NSWE, Eqgs. (3) and (4) — (one dimensional), are hyperbolic partial differential equations, thus
they possess characteristic curves which permit a reduction to simpler ordinary differential
equations [13].

Olu(n+h)] [o + Grl/at: 0 3)

0
Mot v P ot g Vo =0 @)

Where: u is the horizontal water velocity, 1) is the water surface elevation, h is the SWL level, x is
the horizontal distance and t is time. Swash flows originating from incident waves can be
described via the full numerical implementation of Egs. (3) and (4) with appropriate boundary
conditions. However, analytical solutions for both non-breaking and breaking waves have been
developed by Carrier and Greenspan (1958), ([4]) and Shen and Meyer (1963), ([8]) respectively.
The Shen and Meyer model, Eq. (5), has received greater popularity; primarily due to the fact that
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breaking waves occur on most beaches [1]. Thus, details of the Carrier and Greenspan model are
omitted here in favor of the detailing the Shen and Meyer model.

Equation (5) is a unique solution that describes the swash flow due to a single collapsing uniform
bore at the SWL. Prior to collapse, this uniform bore would have been generated by broken waves
further offshore [19]. The solution requires knowledge of the initial velocity at the shoreline (Uy),
which is dependent on the nature of bore collapse and typically found by Eq. (6) [20]. The motion
of the shoreline can be understood by fundamental ballistics and be mapped by a simple parabolic
equation describing the leading fluid particle of the swash lens given by Eq. (7), [8], [4], [20].

)2
h(X,t)= (Xs(t) X) 9t2 (5)
Up=C+/g Hg =/2gsin(B) * Rypay (6)
X, = Ugt- 1/, gt?sinp 7

Where: h(x,t) is the water depth (at location x for time t), Hg is the bore height at the point of
collapse, C is a coefficient outlining the efficiency of bore collapse, P is the beach slope, X(t) is
the shoreline location (at time t) and Rmax is the maximum run-up distance relative to the SWL
position. The Shen and Meyer model possesses many discrepancies and shortcomings. Firstly, the
solution is valid only in the upper region of the swash close to the moving shoreline [1], whilst the
internal hydrodynamics are less well described [21]. Secondly, the solution has been observed to
predict earlier swash reversal and greater temporal asymmetry between up-rush and backwash
phases than actually occurs [4], [22]. Lastly, the solution predicts swash flows which are
hydrodynamically similar for all events, highlighting its negation of any momentum behind the
bore front [3], and thus its independence on offshore conditions [1]. Nonetheless, reasonable
comparisons between model predictions and in situ measurements have been observed [4].
Peregrine and Williams (2001), ([20]), also extended the model by describing corresponding flow
velocities given by Eq. (8).

u(x,t)= 2/3,[ (1/2 U,t - gt? sin B+ X) )

Where: u(x,t) is the flow velocity (at a given location x for a specific time t). The researchers also
outlined Eq. (5) as one specific solution of the NSWE in characteristic form, with a constant value
of a=2 on the forward characteristic. This being equivalent to a dam break scenario at the SWL.
Guard and Baldock (2007), ([21]), further extended on the work of Peregrine and Williams (2001),
by suggesting a linear variation of a on the forward characteristic given by Eq. (9). This variation
corresponds to different solutions of NSWE for varying seaward boundary conditions.

a()=2+k(t) €))
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Where: a(t) is the value of the characteristic variable (at time t) and k is an introduced constant

introduced. Despite noteworthy improvements, the selection of k is subjective and without any
significant physical meaning/relation to offshore wave conditions [2].

2.3 Semi-Empirical Model- Baldock and Holmes (1997)

The Baldock and Holmes 1997 model, ([14]), Egs. (10) and (11) was proposed as an improved
similarity solution for swash flows due to the limitations of Eq. (5). The model was developed
from laboratory experiments on steep beach slopes. The model produces similar swash profiles for
all swash events, analogous to the predictions of the Shen and Meyer model. However, in
comparison to Eq. (5), Eq. (6) produces variations in water depth across the swash, depending on
the empirical coefficients chosen [22].

C D

hGe0=He (%% ) () (10)

u(x.0)= V(t+ At)-V(t - At) /Zh(x,t)At 1)

Where: C and D are empirical coefficients within ranges (0.5-0.75) and (1-2) respectively, Vs is
the volume of water (shoreward of the location x) and Ts is the swash duration period.

3. Experimental set-up and boundary condition development

The details of the experiment set-up, its operation, and conditions upon which data were collected
are presented in sub-section 3.1. The subsequent analysis and procedure used to develop the
proposed boundary condition from this data is presented in sub-section 3.2.

3.1 Laboratory Experiments

The experiments were carried out in the Coastal Engineering flume in the Civil and Environmental
Engineering Department at the University of the West Indies, St. Augustine Campus. The flume
is 10m long and 0.55m wide and was used at a water depth of 0.35m (Fig. 1). Smooth-hydrophobic
impermeable beach slopes were installed 6.9m from the wave generator (measured along the SWL)
whilst capacitance wave gauges were deployed. High frame rate videos were taken along the glass
walls of the flume; referenced against a uniform lcm grid parallel to the beach slope and zeroed
at the intersection point between the SWL and beach slope (see Fig. 1 inset).

Regular linear waves at amplitudes ranging 0.01-0.03m for frequencies 0.1-1.2 Hz were used.
Water level variations were measured at wave gauge locations. Simultaneously, video observations
were made for the time-varying shoreline position parallel to the slope, as well as, the swash depths
perpendicular to the beach slope. These conditions and observations were conducted for beach
slopes which ranged 5°-25° at 5° increments.
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VIDEO OBSERAVATION ZONE

Figure 1: Laboratory experiment set-up.

3.2 Post-processing and Boundary Condition Development

Utilizing the equilibrium swash event for all wave conditions, time-referenced images were
extracted from video observations at a frequency of 20Hz. Subsequently, swash depths were
measured against the reference grid for the entirety of the swash film shoreward of the initial SWL
position. Under the assumption of uniform depth across the flume channel as well as negligible
surface tension effects, the temporal swash depth variation at the SWL, H'(0,t), was obtained
directly. The temporal average flow velocity at the initial SWL position, U"(0,t), was also obtained
via similar observations coupled with the application of equation (11).

Regression analysis of the results of both H'(0,t) and U"(0,t) across the various experimental
conditions revealed a general sine curve fit for H"(0.t), whilst no generalized relation for U*(0,t)
was observed. Alternatively, an analysis between H'(0,t) and U"(0,t) outlined a generic elliptical
variation of U"(0,t) with H"(0,t) for all experimental wave conditions. More specifically, two (2)
different ellipses, both centered at the origin (U"(0,t) =0 and H"(0,t) =0) but lying in the 2" and 3™
quadrants, were found to describe the uprush and backwash phases respectively. Linear wave
theory was then used to convert the wave heights generated within the flume to their deep-water
representations, assuming that only the shoaling transformation was applicable.

The Eureqa platform was then used to relate the coefficients of the sine fits for H'(0,t) and the
U(0,¢) ellipse fits to the corresponding slope and deep-water wave parameters, essentially yielding
the proposed boundary condition. Eureqa fits equations to datasets via evolutionary search
procedures. Thus, the developed boundary condition was obtained over various equation
possibilities. Lastly, the reflected energy for the wave conditions was computed from wave gauge
readings to add further perspective to the results obtained.
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4. Results and Analysis

The proposed boundary condition which describes the temporal sine variation of H*(0,t) over the
entire swash event is given by Eqs. (12a) - (12d), whilst the elliptical variations of U"(0,t) for the
up-rush and backwash phases of the swash are presented by Eqs. (13a) — (13e)

H'(0,)=A," sin(B,t + C3) (12a)

A=158.15ho+2. 186 + 1497.6 B ho + 1293100/ 0 68 519,97 b, - 5.5867- 18271.2h,2
(12b)

B,=0.10 + 56.8hg, + 6.7 tanh(f) + 4.9f B-2.65f - 139.7f hg, tanh(9021.2f
ho+ 6.7 tanh(f) tan(9021.2))  (12c)

C3=0.03 + 0.87 sin(sin(sin(tan(26.16hg, + 139.8ho £+ 0.29f tanh(sin(13.76 - 0.3)) - 263p £
ho)))) (12d)

Where: f is the frequency of incident waves, ho is the deep-water wave height and B is beach
slope in radians.

H(0,1)? /

* 2
U (0t
ot (’)/bfl (13a)

for the uprush:

a=7.91f - 0-0124/ho +1463.27B ho +

1037700/ 115 - 4.11B - 3.74 In() - 780.67Fh  (13b)

b=K,, + 19.6f "+ 332077y sin(4798f) + tan(K+289629h(19.6f) - ) - sin(4798f) - 73.4p
(13¢)
for the backwash:

130.77ho
f

a=f+930.49B hy + -0.50-31600.26f o - 158.9 hg sin(204878942h)  (13d)

b =K, - 1636/

cos(K,, )+ 1an(297.78 + 10829.19B 1) - 66.13 - 584167fh’ (13¢)

Where: K,,,=15.60 + 5660.69h and Ky~ 11437.91hy+12484.87hof’
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Equations (13b) and (13d) outline the principal axis of the uprush and backwash ellipses
respectively. The equations were expected to be similar in structure, if not congruent since they
define the point of flow reversal. Physically, this value is the same for both phases of the swash
event (i.e. a,,= ay,,, when U*(O,t) =0). However, subsequent to regression analyses, no such trend
was observed. As a remedy, the average of Eqgs. (13b) and (13d) is recommended to yield a
congruent principal axis (a) value across both up-rush and backwash phases for each given case.
Equations (12a) and (13a) have an overall good fit with the experimental data. Typical
characteristic plots of H*(0,t) and U"(0,t) are provided in Fig. 2. Furthermore, Eqs. (12a) and (13a)
have median R? values of 0.93 and 0.83 respectively. Whilst the Eureqa fit models for constituent
coefficient variability with B, ho and f (Egs. (12b)—(12d) and Egs. (13b)—(13e)) have a combined
minimum R? value of 0.92 where a maximum mean percentage error of 11% was observed for
Eqgs. (13c)—(13e) and 15% was observed for Eq. (12d). Despite the relatively large mean error for
the prediction of the C; coefficient, an analysis of H"(0,t) results revealed minimum sensitivity to
this coefficient value.

Equations (12) — (13) were developed for swash events originating solely from non-breaking
waves at the SWL as well as breaking waves seaward of this location. The visual method used by
Eq. (11) imposes this restriction for waves that break shoreward, or at this reference point. The
domain of validity for Egs. (12) — (13) is given by the Eq. (14) which references the deepwater
Iribarren number (Eo), Eq. (15). Values of &, less than the righthand side of Eq. (14) outlines

conditions that cannot be accurately described by the developed boundary conditions.

£, >0.167(B) + 1.18 for5<p<25 (14)

/P

£y = tan(p (15)

Where: Ly= i T? and T = wave period.
The results further provide the period between two successive equilibrium swash cycles.
Assuming similar and repeating swash events, the period between the end of the backwash phase
and the onset of a new-repeating swash event is given by Eq. (16).

T=0.0178 + (0.49+12.27h0)/f L cos(2.89f)/([3_5369.6 hf) - 0.44 - 25h, (16)

A total of 58 wave conditions across 5 slopes formed the basis of the developed boundary
condition. Breaking waves accounted for 24 of these conditions. These waves broke within
proximity of the intersection point between the beach slope and the initial SWL position.
Consequently, a pronounced traveling turbulent bore which is typical of waves breaking further
seaward was not observed. Nonetheless, utilizing the location at which the respective waves broke,
the duration of the swash event and the maximum run-up position relative to this location, Eq. (6)
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yielded Uo and Hp upon which, the Shen and Meyer and Baldock and Holmes models were
applied.

A comparison between the experimental results, the Shen and Meyer model, the Baldock and
Holmes model and Eqgs. (12) — (13) highlighted the poor performance of both the Shen and Meyer
and Baldock and Holmes models for most of the 24 breaking wave conditions. At slopes greater
than 10°, the Shen and Meyer model predicted shorter swash events with smaller backwash depths
as compared to the experiments; an observation also noted by [4]. Conversely, the maximum swash
depths compared reasonably with experimental results despite disparities for the time of
occurrence.
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Figure 2: (a) Time variation of H(0,t) for 15° slope - 0.01m amplitude waves ranging 0.1-0.9Hz.
(b) Time variation of H(0,t) for 25° slope - 0.01m amplitude waves ranging 0.1-0.9Hz. (c)
Variation of U"(0,t) with H*(0,t) for 15° slope - 0.01m amplitude waves ranging 0.1-0.9Hz. (d)
Variation of U"(0,t) with H*(0,t) for 25° slope - 0.01m amplitude waves ranging 0.1-0.9Hz. (N.B.
waves measured at the generator).

Similar to the Shen and Meyer model, the Baldock and Holmes model also predicted shorter swash
events than actually occurred. Further, the model consistently overpredicted swash depths for the
uprush phase whilst underpredicted these depths for the backwash; This may be directly linked to
the input bore height used via Eq. (6). Furthermore, although a constant combination of 0.75 and
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2 was used for the empirical coefficients C and D across each of the 24 breaking wave conditions,
experimentation with varying combinations of C and D did not yield improved results. With
regards to temporal velocity predictions, both the Peregrine and Williams velocity extension of the
Shen and Meyer model and Baldock and Holmes model poorly predicted velocities across swash
events. Noting a few exceptions, both models generally underpredicted velocities during the
uprush phase and overpredicted during the backwash phase. In contrast, Eqgs. (12) — (13) compared
favorably with the experimental results from which they were developed. Velocity profiles and
swash depth comparisons yielded mean R? values consistent with those outlined by the Eureqa fit.
For breaking wave cases, both temporal depth and velocity profile predictions better replicate the
experimental results as compared to the alternative models highlighted. For the 34 non-breaking
wave cases, upon which neither the Shen and Meyer, Baldock and Holmes or Peregrine and
Williams models can be applied, Eqs. (12) — (13) also compare favorably with experimental
results. Fig. 3 provides characteristic plot comparisons between respective models and Eqs. (12) —
(13) for breaking wave cases.

(b)

experimental dats Shen and Never 1963

Baldock and Holmes 1997 Boundary condition

Figure 3: (a) Model comparisons of H(0,t) for 5° slope - 0.01m amplitude waves at 0.5 Hz. (b)
Model comparisons of U(0,t) for 5° slope - 0.01m amplitude waves at 0.5Hz. (c) Model
comparisons of H(0,t) for 20° slope - 0.02m amplitude waves at 0.9 Hz. (d) Model comparisons
of U(0,t) for 20° slope - 0.02m amplitude waves at 0.9Hz. (N.B. breaking waves measured at the
generator)
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Figure 4: (a) Time variation of H(0,t) for 10° slope - 0.01m amplitude waves at 0.1Hz.
(b) Time variation of U(0,t) for 10° slope - 0.01m amplitude waves at 0.1Hz. (N.B. non-breaking
waves measured at the generator)

Two observable limitations are inherent in the developed boundary conditions. Firstly, due to the
overall nature of Eq. (12a) and the imperfect fit of C3, swash depths are not accurately predicted
less than 0.1s. Thus, a linear interpolation between the predicted value at t=0.1s (obtained via Egs.
(12a) — (12d)) and t=0s (H* (0,0) = 0) is recommended. Secondly, Egs. (13a) — (13e) may not
accurately predict the flow velocity around the point of flow reversal. This is also due to the
imperfect fits of the coefficient models for b. As a proposed solution, a linear interpolation within
this region is recommended to ensure that reasonable predictions are obtained. Fig. 4 presents a
typical comparison of Egs. (12) — (13) with experimental data for a non-breaking wave case. The
linear interpolation recommended at the point of flow reversal is shown.

Lastly, wave reflection analysis outlined an average reflection coefficient of 0.52 for all the 58
wave conditions utilized in the development of Egs. (12) — (13). Median values of 0.31 were
observed for breaking wave cases whilst 0.61 were observed for non-breaking waves. Although
these values are high in comparison to typical in situ values, the values qualitatively agree with
expected outcomes. Higher reflection coefficients show more wave energy reflected offshore in
contrast to being dissipated as is evident for breaking cases. Egs. (12) — (13) may be associated
with slightly larger h, values as compared to the calculated values for which they were developed
due to possible superposition between the incident and reflected waves.

5. Conclusion

Numerical modelling of the swash-zone has aided in complex and dynamic descriptions of the
zone in recent years. In an attempt to reduce the computational demands of modelling the swash-
zone, this paper presents a novel boundary condition Egs. (12) — (13) to be implemented at the
seaward boundary of the zone. The condition describes the temporal swash depth, velocity and
cyclic repetition of swash events induced by linear regular waves on impermeable beaches. For
these cases, the need for simulating the driving wave conditions offshore of the zone is negated.
This is foreseen to drastically reducing the computational demand associated with depth-resolving
models of the zone. The boundary condition is valid for both non-breaking and breaking waves
and indirectly accounts for swash-swash interactions due to the nature of its development. Despite
this, it cannot describe swash events driven by waves that break shoreward of the initial SWL,
hence the restriction of Eq. (14). Comparisons between the boundary condition and common semi-
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analytical/analytical models for breaking wave cases outlined similar predictions. However,

compared to these models, the boundary condition better predicts the experimental data from
which it was derived.
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