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Abstract

This dissertation focuses prim arily on control system design issues for linear systems 

which have zeros on the ja;-axis and at infinity. In particular, the L Q /L Q G , and 

in n er/o u te r factorization problems are considered. The solution to these problems 

are well known when the pertinent model has no such zeros; however, numerous 

difficulties arise when this not the case.

In this dissertation, we approach these ‘singular’ problems by perturb ing  them 

into ‘regular’ problems (i.e. ones for which there are no jw  axis zeros) by way 

of a scalar param eter e. We then determ ine the lim iting solution to these regular 

problems as e ^  0. This is, of course, the so-called cheap control approach. Our 

analysis of these cheap control problems is significant in th a t it employs a simple 

m odal framework and yet allows us to completely characterize the relevant solutions. 

The use of the descriptor representation for linear systems facilitates the description 

of im proper solutions where necessary. For H°° problems we have shown how to 

exploit singularity to obtain proper solutions of reduced order.

We also discuss the design of w hat we call zero-canceling com pensators. These 

com pensators allow us to take a direct approach to solving singular control problems

v i i i



^by extracting the ‘regular p a r t’ of these problems. By way of an example, we apply 

this approach to  solving the inner-outer factorization problem for strictly  proper 

transfer functions.

IX



Notation

% Field of real numbers

C Field of complex numbers

the  extended jw -axis, {jw : uj 6 %} U {0 0 } 

jyoo Hardy spaces

<^max(^) m axim um  singular value of the m atrix  A  

| | . | |2  norm  on

||.||oo norm  on

A?- M atrix  transpose of A

G*(6) para-H erm itian transpose of the transfer function G{s)

i. e. G \ s )  = G '^{-s) ,

Im Image

Ker Kernel

In the  n X n identity  m atrix

Omvr the  m  X r zero m atrix
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In addition, we say th a t G{s) 

has the descriptor realization

—s E  +  A B

C D

iff the transfer function G{s)

E x  =  A x  +  B u  

y  — C x  4 -  D u
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Chapter 1

Introduction

1.1 Singular Control Problems; Definition and 

Motivation for the Study

This dissertation analyzes finite-dimensional linear tim e-invariant (FDLTI) systems 

w ith zeros and the difficulties often faced in the synthesis of controllers for these 

systems using (LQ /LQ G ) and techniques. P articu lar a tten tion  is paid to 

the significance of the  infinite zero structure of FDLTI systems.

The analysis was partly  m otivated by a study of problems which arise in the 

application of H°° theory to  the  design of controllers for FDLTI systems. One such 

application of this theory is illustrated in Fig. 1.1 for the mixed sensitivity problem 

[6]. Given a p lan t G[s) our task  is to determ ine a controller K ( s )  which not only 

stabilizes G(.s) bu t also makes f^e transfer function from Ui to t/i, satisfy

(1.1)



I^The transfer function blocks W 2 {s) in Fig 1.1 represent frequency dependent

design weights on the closed loop sensitivity and com plem entary functions [6].

Ul

U2

A ugm ented System 

P lan t

G{s )

W-\s)
;

W-\s)

;

3/2

yi

Controller

Figure 1.1: Setup for the Mixed Sensitivity Problem

The now widely accepted solution procedure discussed in Doyle et a /.[14], for 

exam ple, requires th a t the  open loop transfer functions from ui  to  y 2 and U2  to yi 

have no zeros (this restriction also holds for problems). If this restriction 

is violated, the designer m ust make suitable modifications so as to satisfy these 

requirem ents. In [6], for example, an controller is synthesized for the HIM AT 

rem otely piloted test aircraft by modifying the originally specified design weights 

IFi(.s), 14 2̂(5 ) in order to accom m odate these restrictions.

The underlying issue in these restrictions is the insolubility of the underlying 

Riccati equations when the pertinent p lan t has zeros; when this is the case, at 

least one of these Riccati equations either becomes ill-posed (if the zeros are at



infinity) or does not have any stabilizing solution. This problem  of the insolubility 

of the Riccati equation pervades other areas of control system analysis and design 

including problems such as the  inner-outer and spectral factorization of a rational 

m atrix.

To facibtate our discussion we introduce the following notation:

D e f in itio n  1 .1  A problem will he called s in g u la r  i f  the underlying Riccati equa- 

! tion cannot he solved because o f  the existence o f  zeros in the pertinent plant.

Otherwise, the problem will be said to be r e g u la r .

One of the main contributions of this work is th a t it effectively dem onstrates how the  

difficulty w ith singular problems can be overcome by replacing the  Riccati equation 

by a suitable generalized eigenvalue problem. The role of the Riccati equation 

solution m atrix  is then  assumed by an appropriate set of eigenvectors. T he reader 

should note th a t this approach has been known for some tim e (see Bucy et a/.[5], 

for exam ple). However, to the au th o r’s knowledge, this is the first tim e th a t the 

m ethod has been so comprehensively applied to the problems discussed here. It 

is also found th a t m any singular problems have solutions which are im proper; this 

is handled by employing the descriptor (generalized state-space) representation for 

linear systems [64, 34, 3].



1.2 Overview and Background Literature

Singular LQ sta te  feedback problems are often handled by perturbing them  into 

‘nearby’ regular ones. An example of this is the  embedding

G(e,s) = ( 1 .2 )

e l

For € >  0, G(e, s) has no zeros and the pertinent LQ problem  is therefore regular.

Clearly, any solution obtained for some e >  0 will be  a suboptim al solution to the 

original problem  (i. e. for e =  0); however, a prim ary m otivation for the  embedding 

(1.2) is the  hope th a t a characterization of the solution to the  singular problem m ay 

be obtained by examining the  behavior of the solution to the LQ for problem for 

Cr(e, 5 ) as e ^  0. This new problem  is often referred to  in the  lite ra tu re  as a c h ea p  

LQ s ta te  feedback control problem  (see [30], for example). Note th a t this general 

approach of perturb ing  the p lan t by way of a scalar param eter e can also be applied 

to other singular problems; in such cases the terminology ‘cheap’ will also 'be used 

in reference to the pertinent new problem.

Cheap and singular LQ s ta te  feedback problems have been studied extensively 

over the last two decades. However, most of the analysis has focused on the case 

where the  only zeros are at infinity. The reason for this is th a t when there 

are finite im aginary axis zeros, analysis of the asym ptotic root loci [30, 28, 53, 66] 

suggests th a t pole/zero cancellation of these zeros m ust occur. This is, in general, 

undesirable since the cancellation takes place on the jw -axis. Moreover, for e small 

enough those closed loop poles which approach th e  troublesom e zeros are lightly



dam ped; this is also undesirable. On the other hand, when the  only zeros are at 

■ infinity, the asym ptotic properties are generally much more a ttrac tive  since th e  root 

loci form B utterw orth  patterns of various orders and m agnitudes as e ^  0 [30] in  the 

right half plane (RH P). Despite the lim itation of having finite zeros, the  analysis 

in this work is believed to be useful as a starting  point for the  characterization of all 

suboptim al solutions to the relevant and problems. In view of w hat has just 

been said, however, it should be noted th a t the ensuing references to the literatu re  

on cheap and singular problems pertain  specifically to  the case where all zeros 

are infinite, except where otherwise stated .

The more successful a ttem pts at solving cheap and singular LQ s ta te  feedback 

problems have employed either singular pertu rbation  techniques [44, 51] or geometric 

control theory [15, 23, 59]; a neat characterization of the problem  and its solution has 

been phrased in term s of the dissipation inequality [5, 24, 52]. All of these m ethods 

have identified the role of the  infinite frequency structure  of FD LTI systems in 

the  cheap control problem. The analysis carried out in this d issertation displays 

this reliance on the  infinite frequency structure  in a very clear fashion through the
I

determ ination of the eigenstructure of a particular m atrix  pencil; th is also results' 

in easy, reliable com putation of the  solution.

By far the  m ost conclusive results on the  singular LQG problem  have arisen 

from  the  spectral factorization approaches of [29] and [55], for example. Frequency 

dom ain techniques are employed in these works and a tten tion  is restricted  to  the



case of infinite zeros. By contrast, our results rely upon a simple generalization 

of the commonly used procedures based on the  solution to  two Riccati equations 

and directly yields a realization of the optim al controller in descriptor form. Our 

analysis allows for all zeros. A part from this, the results indicate th a t in those 

situations where the  the  optim al com pensator is of reduced order, 8 < n,  (see [41], 

for example) the  solution autom atically produces a controller of order 8. This is in 

th e  vein of the result obtained by Friedland [17] by analyzing w hat is essentially a 

cheap LQG problem.

The singular problem has been considered elsewhere (see [67, 43, 47, 42], 

for exam ple). Zhou et a/.[67] and Petersen et a/.[43], for example trea t the singular 

problem  w ith s ta te  feedback by perturbing the  plant as described above for the 

cheap LQ state-feedback problem. It should be noted th a t for regular H°° problems, 

it is often necessary to ite ra te  on the specified bound, 7 , in order to  determ ine 

the  optim al solution. It is therefore apparent th a t one drawback w ith the cheap 

control approach to the  singular H°° problem  is th a t now, one m ust perform  a 

1 double itera tion  on both  7  and e. O ’Young et ah [42] seemingly consider a different 

pertu rbation  of the problem by adding a constant control weighting which specifies 

I a bound on the controller gain; although the authors do not specifically s ta te  it, this 

m ethod also requires an iteration  involving th is specified bound, since there is no 

guarantee th a t a solution exists for their preset bound of e =  1. Despite th is, the



approach will form the nucleus of a part of our analysis; in addition we will solve 

the a tten d an t cheap H°° problem.

O ther approaches to solving the singular H°° problem  exist. In [47], for example, 

Safonov proposes two m ethods. The first entails the  use of a bilinear transform a­

tion which effects a shift in the  jw-axis. The transform ed p lan t then  has no zeros at 

infinity, or, if the  transform ation is carefully chosen, on the  jw -axis for th a t m atter. 

The solution m ay then  be obtained by employing the established m ethods in [14, 19] 

and the  required controller subsequently recovered by back-transform ation. A lter­

natively, the au thor suggests high frequency modifications of the design weights to 

m ake the augm ented system  non-strictly proper.

More recently, a few authors have reported significant progress by employing 

new approaches to  the problem. For example, H ara et al. [22] have reform ulated 

the solution to  the one-block case in a descriptor setting and have removed the 

restriction of jw -axis zeros. K im ura et al. [27] have employed a generalization of 

the theory of J-lossless systems in H°° synthesis and reported some prelim inary 

results in the situation where the zeros at infinity are simple, i. e. of order at most 

unity.

Stoorvogel [57] has reported success in the  singular case by use of a transfor­

m ation which isolates those subsystems (strongly controllable subsystems) of (?(.$) 

which make problem  singular; the problem is then transform ed in to  an almost dis­

turbance decoupling for which a solution is known [56, Ref 16]. The significance of



th e  work in [57] is th a t it directly exploits, for the first tim e, the underlying struc­

tu ra l issues pertain ing to  the singular problem, whereas previously published 

efforts have essentially dealt w ith a nearby plant for which the  problem  is regular. 

In [57, 56] the  problem  of the  solvability of the Riccati equation is circum vented by 

employing an “inverse-free” representation of these equations which takes the  form 

of quadratic m atrix  inequalities; these are related to the  linear m atrix  inequabties 

which have proven useful in singular LQ problems [5, 52, 65].

A nother possible approach to  solving these singular problems involves the use 

of cascade com pensators to  cancel the  offending zeros. This renders the problem 

regular and therefore am enable to  solution by standard  m ethods. The solution to 

the original problem can then  be found by incorporating the  com pensators into 

the  solution to  the regular problem. This is dem onstrated for th e  problem in 

Fig. 1.2; if a suitable controller K {s )  can be determ ined for the  regular problem 

G(.s), then the controller U K Y { s )  is a solution to the original problem  G{s).  W hile 

I there are m any details which rem ain to be worked out, the  first step involves the 

I determ ination of these zero canceling com pensators.

For the  most p a rt, we will be concerned with the  problem  of infinite zeros.
I
[ W hile there m ay be practical concerns pertaining to the cancellation of finite 

zeros, we feel th a t, a t the very least, the analysis is im portan t from a theoretical 

point of view. In addition, we note th a t for feedback design problems, such as or 

H°° design problems, it can be shown th a t if a (possibly suboptim al) controller K{s)



Zero
Com pensatorsU(s)

K{s )

Plant

Figure 1.2: Proposed Solution to  the Singular Problem  using Zero Compensa- 
I tion

exists w ithout the embedded cancellation structure, then  a corresponding K {s )  also 

exists. This will be discussed at greater length in a fu ture work; for now, we focus 

our a tten tio n  on the design of the required com pensators.

We begin by considering the problem  of obtaining a com pensator for the |

proper m  x  r  transfer function (^(a) such th a t Gç{s) =  G{s )Uqo{s ) has no zeros 

at infinity; we shall call such a com pensator an infinite zero com pensator (IZC) 

of (^(5 ). We will be interested in those com pensators for which Gc{s) has the 

same poles as (?(«); as such, the procedure which we shall describe will result in 

Uoo{s) being polynomial. We subsequently show how the theory developed can 

be easily extended to the case where G(a) has zeros on :=  {jw ,w  G %}. A



com pensator, Uo{s) which corrects for the  zeros of (^(s) on will be term ed a 

zero com pensator (C°ZC). Clearly, we can com pensate for zeros on by combining 

bo th  procedures; in keeping w ith the  terminology already introduced,w e shall call 

the  pertinent com pensator a zero com pensator (C°®ZC).

It should be noted th a t the solution to the IZC problem  described above is by 

no means unique. Moreover, simple procedures for constructing Uoo{^) have been 

known for quite a long tim e. For example, the cascade of differentiators generated 

by the Silverman inversion algorithm  [54] represents, perhaps, the  m ost fam iliar so­

lu tion  to the  problem. The difficulty w ith this m ethod, however, is th a t it requires 

recursive operations on the Markov param eters of G{s)  and, as such, does not gen­

erally lend itself to  com putations which are numerically stable. In  our analysis, we 

utilize th e  relationship between the  infinite zero structu re  of ( (̂<s) [63] and the  infi­

n ite  eigenstructure of the  associated Rosenbrock system  m atrix  to  develop a direct, 

num erically reliable m ethod for the com putation of Uqo{s ).

The IZC approach is essentially the  one taken  by Safonov in [47] for adjusting 

design weights which lead to  ill-posed design problems. Here we im prove upon 

j the  technique proposed in [47] by giving a state-space realization of the  required 

com pensator. Moreover, m ultiple zeros are handled in  a single step as opposed to  

iteratively as in [47].

1 0



A nother work w orthy of m ention is th a t of Van Dooren [13] where the  au thor 

describes “num erically controlled” procedures for solving general factorization prob­

lems by using pole/zero cancellations. However, the  work does not directly trea t the 

situation  when the  zeros or poles are a t infinity b u t, the  au thor does indicate th a t 

in  this case “the  solution is m ore involved bu t can be constructed also” . Although 

our basic approach is different to  th a t of Van Dooren, i t  leads to a procedure which 

I is, for all in tents and purposes, an extension of A lgorithm  4.1 of [13] to the case of 

infinite zeros. As such, our efforts in this area m ay be considered to  be somewhat 

com plem entary to [13].

By way of example, we apply the zero cancellation approach to  develop a proce­

dure for obtaining an inner-outer factorization (lO F) of a proper transfer function 

G{s) which is allowed to have zeros on

Well-known procedures exist for the 1 0 F problem in  the case where Ct(^) has no 

zeros (see Chiang et al. [6 ] or Francis [16] , for exam ple). In our analysis, we 

lift the restriction on the zero s tructure  of G{s) by employing a Uoe{s), to

cancel the offending zeros. The orthodox IG F procedures can now be applied and 

the  problem  solved by absorbing the function Uq̂ ^{s ) in the outer factor (of course, 

we m ust ensure th a t Uoe{s) has all its zeros in th e  LH P). The only other similar 

work of which we are aware is th a t of H ara et al. [22] who tre a t the  problem in 

a descriptor framework. However, their procedure can only be applied to square 

transfer functions; non-square transfer functions require prelim inary “squaring up”

1 1



by augm entation w ith suitable rows or columns. The m ethod described here, on the 

other hand, may be directly applied to any transfer function regardless of dimension 

and can also be easily applied to  other problems (e. g. the GCD extraction  and 

I squaring down problems in Le and Safonov [33]) where restrictions on the  transfer
I

function zeros are trea ted  by employing either a prelim inary bilinear m ap or the 

differentiator cascade generated by the  Silverman algorithm .

1.3 Chapter Summary

In C hapter 2 we discuss the zero structure of FDLTI systems as described by the 

zero structu re  of the pertinen t transfer function and system  m atrix . This theory 

is well covered in the litera tu re  (see Verghese et a/. [63, 61] and M acFarlane [37], 

for exam ple) for finite frequencies; however, it seems th a t the infinite frequency 

structu re  of FDLTI systems is not as well understood. The reader is referred to  

the works of Verghese et a /.[63, 61] and K arcanias et a/.[26] on this topic. The 

discussion in C hapter 2  is biased to  a trea tm en t of the infinite zeros s tructure  of 

FD LTI systems and extends some of the  concepts in these works.

In C hapter 3 we s ta te  and solve a general form of the cheap LQ state-feedback 

I problem . The analysis given there forms the basis for the results developed in
jj subsequent chapters pertaining to the  cheap LQC and problems. Since the
I
lim iting feedback control m ay not exist the solution to the cheap LQ problem  is 

specified in term s of a m odal subspace of a particu lar m atrix  pencil; th is subspace is

1 2



shown to  contain the  lim iting optim al sta te , costate and control inpu t trajectories. 

The lim iting cost m atrix  is also determ ined.

The cheap LQG and cheap problems are dealt w ith in Chapters 4 and 5 

respectively. We s ta te  form ulae for the  lim iting system  m atrices of the  relevant 

controllers. The descriptor framework [3, 12, 64] is employed to  facilitate the rep­

resentation of im proper solutions. The lim iting transfer functions are also specified 

and, in the case of the  LQG problem, a form ula for the lim iting optim al cost is 

given.

In C hapter 6 we discuss the idea of obtaining solutions to  singular problems by 

employing zero-canceling com pensators. As discussed above the s tructure of these 

com pensators are such th a t they  cancel particu lar zeros of a given transfer function, 

(9 (5 ); this includes zeros at infinity. The application of th e  theory  to  and 

problems is not fully trea ted  in this work; however, an illustrative example is given. 

The theory is applied to  the  singular in n er/o u te r factorization problem  in Chap- 

I  ter 7.

1 .4  Main Contributions

The m ain contributions in this dissertation are as follows:

(i) The power of the generalized eigenproblem approach as an alternative to  the 

usual R iccati equation approach is dem onstrated. This allows us to handle singular 

problems with th e  same ease as regular problems are handled. It is also expected
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[tha t there would be increased num erical stability  particularly  in problems which are 

“nearly singular” .

(ii) The generalization of the pertu rbation  approach to  solving singular 

problem , as posited in [43, 67], for exam ple,to include the  case of m easurem ent 

feedback. This is a m odest im provem ent on the work by O ’Young et a/.[42].

(iii) It is shown th a t the solutions to  certain cheap H°° problems m ay be of 

reduced order and proper.The result is easily derived when the  only relevant 

zeros are at infinity and are of m axim um  order 1. An explicit form ula for one 

special case is derived and we also outline a simple stra tegy  which allows one to 

ob tain  a reduced order (<  n) H°° controller when these zeros are of higher order.

(iv) The lim iting form of cheap LQG com pensators is also derived. Explicit 

form ulae for the lim iting transfer function and associated cost are given.

(v) A num erically reliable m ethod is given for determ ining an inner-outer fac­

torization  of transfer functions w ith jw -axis or infinite zeros.

(vi) The concept of the eigenvector structure  associated w ith the  infinite zeros} 

of a transfer function G (s), as first defined by Verghese et a/.[63], is significantly| 

developed and clarified. Necessary and sufficient conditions for a set of vectors to 

be a set of eigenvectors of G(<s) a t infinity are specified.

1 4



Chapter 2

Theoretical Review: Infinite Zeros of FDLTI

Systems

2.1 Introduction

In this chapter we discuss th e  concept of the  infinite zeros of FD LTI system s, a topic 

which will be of great significance to  the  analyses carried out in la ter chapters. We 

begin w ith an analysis of th e  infinite zero s tructu re  of transfer function m atrices; in 

doing so we m ake a few clarifications and extensions to the  classic works of Verghese 

et a/.[63, 61] where the finite and infinite zero eigenvectors of a transfer function are 

first defined. Subsequently, we discuss the  relationship between the eigenstructure 

of a transfer function G(-s) =  C { s l  — A )~ ^B  -f D  and  th a t of its Rosenbrock system  

m atrix

M g { s ) =
- s i  -t- A B

D

(2 .1)

This requires a prelim inary overview of the issue of the finite and infinite eigen­

s tructu re  of m atrix  pencils. This particu lar topic is sum m arized in this chapter for

15



th e  sake of completeness, bu t is discussed a t length in the  works of Lewis [34], Van 

Dooren [12, 11] and Verghese [64].

2.2 Zeros of Transfer Function Matrices

Typically the  pole/zero  structure  of any transfer function is obtained from its 

Sm ith-M cM illan form [25, 37]. However the  unim odular m atrices employed to  effect 

this transform ation invariably destroy inform ation concerning the  infinite frequency 

structu re  of the system  [25] . This situation  is typically resolved by determ ining 

instead the zero s tructure a t /9 =  0 of (7(1). In order to  circumvent this special 

trea tm en t of zeros at infinity, Verghese et al. [63, 61] have proposed a slightly differ­

ent definition of pole/zero s tructure  at 6 =  z, z E C U {oo} based on the  nonunique 

decomp osition

G{s) =  L - \ s ) D { s ) R - \ s )  (2.2)

where D [s)  is a rational m atrix  of the same dimension as G{s) of the  form

d i a g f d i  ( s ) ,  ^ 2 ( 5 ) ,  "  , 4  ( a ) }

® (m —T ) x r

The m atrices L{s)  and R{s)  are nonsingular rational m atrices w ith no poles or zeros 

at 5 =  z, where z is a zero or pole of G{s). In the case where z =  0 0 , L(s)  and R{s)  

are b ip ro p e r ,  i. e. they are proper and have proper inverses. This decom position 

is always possible, L[s)  and R{s)  being non-unique. However, as we will shortly

D{s)  = ( 2 . 3 )
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discuss, the decom position (2 .2 ) preserves the  zero s tructu re  of G(s)  a t infinity, i. e. 

D{s)  has the  same infinite zero structure of (7(6).

Now suppose th a t R{s)  and L{s)  in (2.2) is biproper and let k{ be the  relative 

degree of di[s) w ith ki >  A:2 ^  ^  ^  0. Then given (7(6) these % G r

are unique and determ ine the zero structure  of (7(s) a t infinity. This fact has been 

established by Verghese [62] by dem onstrating the  equivalence of this definition of 

zero s tructu re  a t infinity to  th a t obtained from th e  Sm ith-M cM illan form of (7(1). 

Note also th a t the  definition of infinite zero structure  by way of biproper m atrices, 

as in (2.2), is now generally accepted [40].

In w hat follows, we shall say th a t k{ is the  order of the  z-th infinite zero of 

G{s). Note th a t if k{ = 0 , the  corresponding diagonal element di{s) is biproper and 

therefore has no infinite zeros (i. e. all of its zeros are finite). Thus G{s) has no 

zeros at infinity iff k{ = 0 \/i E r.

We also need to  introduce the concept of eigenvector chains a t infinity for a 

given transfer function ( 7 ( 6 ) .  To this end, first note th a t since R{s)  has a Laurent 

expansion:

= (2-4)
j=o ^

where R q is nonsingular since R{s)  is, by definition, biproper.

1 7



r - - - - - - - - - - - - - - - - - - - - - - ;- - - ;- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
j  D e fin itio n  2.1 Let G{s) have an infinite zero o f  order ki and let the vector set 

{/io? , /ijfc } such that 3 some biproper R{s), L(s) which effect the decomposi­

tion (2.2) and fo r  which the i-th  column o f  R{^s) is given by

R i { ^ )  =  fio f h ^   ̂ ^  f i k i ^   ̂ (2-5)
j=ki+i

Then

(  i) fi^ will be said to be an eigenvector corresponding to the i-th  zero o f  G{s^ 

at infinity. In  addition, the vector fi-,  7 G U {0} will be said to be a grade j  +  1 

eigenvector corresponding to the i-th  zero o f  G{s) at infinity.

(ii) the vector set {/ig, ••• ,  /i^.} will be said to be an eigenvector chain corre­

sponding to the i-th  zero o f  (7(6) at infinity.

Comment:  This definition of eigenvector chains at infinity is a m odification of 

a sim ilar definition due to Verghese [63]; specifically, th e  definition in [63] coincides 

w ith  th a t of Definition 2.1 bu t excludes the  last element fi,^,. Definition 2.1 simplifies 

our analysis by allowing us to avoid any special trea tm en t of infinite zeros of order 

ki = Moreover, as we shall soon see, it allows us to  firmly establish the  link 

betw een the  infinite frequency zero s tructure of (7(6) and th a t of its  state-space 

system  m atrix . The definition of eigenvector grade is m ade to  correspond w ith a 

sim ilar definition for m atrices [32] and m atrix  pencils (see Section 2.3).

Verghese et al. [63] have also shown th a t any eigenvector chain at infinity is 

related  to  the M arkov param eters [25] of (7(6) as follows (see also Nijmeijer et al. 

[40]):
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C B

C EC A B

C B

CA^^-'^B CA^*-^ C B

(2.6)

The following result is im portan t in th a t it shows th a t  (2.6) is included in a set 

of sufficient conditions which a collection of vectors {fio^ "  ' ■> fik^} m ust satisfy in 

order to  be an eigenvector chain at infinity for a given transfer function G{s).

L e m m a  2 . 1  Suppose that G{s) has infinite zeros o f  respective orders ki, i £  r. 

Suppose also that, for  each i £ r, there exist vectors , fi, ,̂ which satisfy (2.6)

fo r  which

rank / lo ro = r. (2.7)

and

rank M  = r (2.8)
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where the i-th  column o f M  is Mi as given hy the last row o f  Eq (2.6), i. e.

( \  
fio

Mi = . . .  C B  D (2.9)

\  j

Then the vector sets {/io? • * * ?/ i t  }; * ^  21; form  eigenvector chains fo r  G{s) at 

: infinity.

Proof: Define

fi{^) fio f i i^   ̂ + ----- \- f ikA (2 .10)

and

F {s)  := / i (^ )  ••• M s ) (2 .11)

Also let

Dc(s) ■■= diag (2.12)

Then we claim th a t Gf {s ) := G FD c(s)  is proper and th e  condition (2.8) implies 

th a t G f {s ) has no infinite zeros; i. e. if

fTjr(s) =  D f  +  Cf {^J — A f ) ^B f

then  D f  is injective. To see this note th a t the z-th column of Gf (^) is

(2.13)1

Gpiis) — (2.14)
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To show th a t Gf {s ) is proper, simply look a t the polynom ial p art of (we let
S  := si,.):

pol (  =

/ I A'o
\

=  pol D  C B  . . .  C A ^ i ~ ^ B  C A ^ i —^ B  j . . .  S  J  j

V

5.—fĉ  +  l  

S ~ * ‘i
- . /

=  pol

C B

S*‘ i  . . .  S  / f i o

S & t  —1 . . .  /  0 f i l

S  I  • • •  • • • 0

/  0 . . .  0 0
.  .

-  [

D

C B

C A B

0

D

C B

0

0

D  0

CA î~^B CA î~^B

0 0

D 0
C B  D

'*0

/ S ^ i  S * * - l  . . .  S  I f i o

. . .  I  S ~ ^ f i l

^ D  C B  . . .  C A ^ i ^ ^ B  C A ^ i - ^ B  j

S  I  . . .  . . .  +  1 f i . , - 1

V
I  S ~ ^  . . .  +  ̂  S ~ ^ i

.  . /

Hence G f{ s )  is proper and D f  =  M  which is injective by assum ption. It therefore 

follows th a t  G f { s ) has no infinite zeros. In addition, we note th a t by (2.7) F{s)  is 

biproper.

Now let D f  be such th a t the  m atrix D f  D p is nonsingular. Also, let

L{s) \= Gp { s )  D f (2 . 16)
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Then L(s)  is biproper by construction and

GF{ s )  =  G f { s ) D - \ s )  

I.
=

0

( 2 . 1 7 )

( 2 . 1 8 )

( 2 . 1 9 )

Now note th a t since F{s)  and L(^s) are biproper by construction, com parison w ith

(2 .2 ) then  gives the required result. □

Comment: T he proof to Lemma 2.1 provides us w ith some insight in to  the 

significance of the  condition (2.8). Specifically, the  discussions there indicate th a t 

the columns of M  are also the  first r  columns of some L~^{s)  at 6 =  oo (see (2.16) 

) for which the decom position (2 .2 ) results in

D{s )  = (2 .20)

I Hence, by the  construction given in the  proof to  Lem m a 2.1, (2.7) is necessary 

I and sufficient to guarantee the existence of a biproper R{s)  in (2 .2 ), while (2 .8 ) 

guarantees the  existence of an L{s)  which is also biproper.

Lemma 2.1 leads directly to the  next result which states th a t (2.6, 2.7, 2,8) give 

a com plete characterization of eigenvector chains a t infinity.

L e m m a  2 .2  Suppose that G{^s) has infinite zeros o f  respective orders ki, i £ r. 

Then the relations (2.6, 2.7, 2.8) are necessary and sufficient conditions for  any set
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o f vector chains { /jg , • • •, /i^ .}; i G r to be a complete set  ̂ o f eigenvectors chains at 

infinity for  G{s).

We shall forego the proof to Lemma 2.2 until C hapter 6 .

Finally, we would like to  stress th a t these eigenvector chains are not unique, a 

fact which is easily ascertained by recalling th a t the decom position (2 .2 ) is itself 

non-unique. In particu lar, since R{s)  can be diagonally scaled on the  right while 

still preserving (2 .2 ), it is clear th a t each eigenvector chain can be m ultiplied by an 

arb itra ry  scalar. This is, of course, in keeping w ith the expected properties of a set 

of eigenvectors. We refer the  reader to  A ppendix A where we discuss the  issue of 

eigenvector uniqueness in m ore detail.

2.3 Eigenstructure of Matrix Pencils

In this section we review the theory of infinite zeros of linear tim e-invariant systems. 

An im portan t com ponent in th is discussion is the  concept of eigenvalues and eigen­

vectors of m atrix  pencils. This topic is covered in detail elsewhere (see [18, 32, 34],

for example) and so will only be briefly considered here.

F irst we define the finite eigenvalues of the regular pencil M {s)  = ~~sE 4 - A to 

be the  zeros of the polynom ial equation detik f(s) =  0  if th is polynom ial is no t a 

constant. Note th a t M {s)  m ay have eigenvalues a t infinity if E  is singular [34]. We

s e t  S g  o f  e i g e n v e c t o r  c h a i n s  a t  i n f i n i t y  w i l l  b e  s a i d  t o  b e  c o m p l e t e  i f f  f o r  e a c h  i n f i n i t e  z e r o  

o f  C ? ( s )  3  a  c o r r e s p o n d i n g  e i g e n v e c t o r  c h a i n  i n  S g
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also observe th a t [34] there exist nonsingular m atrices R , L  which reduce M {s)  to  

th e  W eierstrass canonical form  defined by

L M ( 5 ) H  =  d i a g { s 7  — A / ,  — s A o o  4 - / }  ( 2 . 2 1 )

where Ay is a Jo rdan  m atrix  whose eigenvalues correspond to  th e  finite eigenvalues 

of A f(s) and Aqq is a n ilpotent m atrix  in Jo rdan  form. The pencil —sAqo +  I  thus 

contains th e  infinite frequency s tructu re  of Mi^s) and the  num ber and sizes of the 

Jo rdan  blocks in Ac» determ ine th e  num ber and orders, respectively, of th e  infinite 

eigenvalues of M {s),  By definition the  finite and infinite eigenspaces are th e  spaces

spanned by th e  columns of Ey and Sœ respectively where S =  

partition ing  of E corresponding to  the  RHS of (2.21). Moreover,

u-iy  <—'OO IS a

Æ f  =  —E'B. fKf  ( 2 . 2 2 )

A H o o A o o  =  — F H o o  ( 2 . 2 3 )

A lternatively,w e can rew rite these equations as follows:

( —sE  -\- A)z,y —  E ^ f  ( — 5 /  - |-  A y  )  ( 2 . 2 4 )

( —sE  +  A)c,oo Aoo =  Ed.oo{^— sAqo 4 -  7 )  ( 2 . 2 5 )

Suppose th a t Af.  is a kj x  kj Jo rdan  m atrix  of Ay such th a t  d e t ( s l  — Ay_̂ .) =

(5  — also suppose th a t the corresponding columns of Ey are respectively

. Then zj is said to  be a finite zero of Af(s) of order kj  and

th a t k £ kj, is a, grade k eigenvector corresponding to  the zero Zj.

Similarly, if Agoy is a kj x kj Jo rdan  block of A ^ ,  and the corresponding columns 

of Eoo are then  we say th a t zj =  0 0  is a zero of M (s )  of order kj — 1.
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Note th a t the order of each infinite zero is one less th an  the  dim ension of the 

corresponding Jo rdan  block. We define to  be the grade k  eigenvector at infinity 

of M {s)  corresponding to  the j-th. infinite zero; moreover, the  vectors i £ k j}

are said to form an eigenvector chain a t infinity. From  (2.23) these vectors also 

satisfy the  relation

=  0 ,  & =  2 ,  . . ( 2 . 2 6 )

We will need the  following:

D e f in itio n  2.2 The left eigenvectors o f  the regular pencil M {s )  are defined to be 

the eigenvectors o f  M ^ {s ) .

W hen M {s)  is a rectangular pencil of full column rank the  eigenvalues and 

eigenvectors can be defined in a similar fashion. We note th a t there  exist nonsingular 

constant m atrices X , Y  which transform  such an M(^s) in to  its Kronecker canonical 

form  (K C F) [11, 18] i. e.

Y M { s ) X  =  d i a , g { s E r , A t,, s E f  +  A f }  ( 2 . 2 7 )

where sErj 4- is injective on C U {oo} and the pencil s E f  4- Ay is regular. The 

la tte r  pencil clearly contains the  column zero structure of M(^s). We therefore define 

the  eigenvalues of M(^s) to  be the eigenvalues of s E f  4- Ay (these include eigenvalues 

at infinity) which justifies our claim.

L e m m a  2.3 The pencil M{^s) has no infinite zeros i f f  all eigenvector chains at 

infinity are o f  m axim um  length 1.
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Proof: I t  is easily ascertained th a t the  pencil M {s)  has no zeros at infinity iff the 

regular p a rt of its K C F (2.27) has W eierstrass form

— s E f  -\~ A f  =  — —s i  -f- A \  or — s E f  -t- A f  — 7̂ 2(5 ) =  d iag{—s i  -t- A j , A2}

(2.28)

where A 2 is nonsingular. In bo th  cases, it is also easily verified th a t there  are no 

infinite zeros since the  order of the d e t ( - s E f - l - A f )  is equal to rank E f .  The proof is 

com pleted by noting th a t M i(s )  has no eigenvector chains at infinity (or equivalently 

all chains at infinity are of zero length) while all eigenvector chains a t infinity for 

M 2  are of length  1.

□

T he following definition introduces the concept of triv ial infinite zeros:

D e f in itio n  2 .3  A n y  infinite eigenvalue o f  MÇs) o f  order k  = Q will he said to be 

t r iv ia l .  A ll  other infinite eigenvalues will be called n o n - tr iv ia l .

Before proceeding we rem ind the  reader th a t the eigenvector chains are of sig­

nificance to  the  solution of the equation

{ - s E  - k  A ) i { s )  =  E$ o  ( 2 . 2 9 )

for any fo E 3̂ *̂ . The following lem m a summ arizes the pertinen t result for b o th  the 

finite and infinite eigenspaces:

L e m m a  2 .4  (V e r g h e se  et al. [63]) For the equation (2.29) the following hold:
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(  i) For I E kj, corresponding to the finite eigenvalue \ j  o f  —s E  +  A,

the solution is

»=i ' '

(ii) For (o =  — I =  2 ,3 , • • •, -f 1, corresponding to an infinite eigenvalue 

o f  order kj, the solution to (2.29) is given by

= (2.31)
i = l

Comment:  Let

boo (2 .32)

and note th a t for the infinite frequency spectrum , the  solutions are polynom ial and 

evolve in the  dim ensional subspace spanned by the the  infinite eigenvectors of all 

grades b u t the highest. The vectors (o lie in a ^oo-dimensional subspace spanned by 

infinite frequency eigenvectors of all b u t the first grade. The distinct roles played by 

the two subspaces of the infinite frequency eigenspace of a pencil, M [s) ,  m otivates 

the  following

D e f in itio n  2 .4  Given any pencil M [s )  we define the lo w er in f in i te  f re q u e n c y

e ig e n s u b s p a c e  o f  M {s)  to be the space spanned by all but the highest grade eigen­

vectors corresponding to all nontrivial infinite zeros o /A f(s ) . Similarly, we define 

the u p p e r  in f in i te  f re q u e n c y  e ig e n s u b sp a c e  o f  M [s )  to be the space spanned by 

all but the first grade eigenvectors corresponding to all non-trivial infinite zeros of 

M {s) .
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Comment:  At this point we note th a t our discussion on th e  infinite zero s tructure  

of FD LTI systems has a geom etric in terp re ta tion  which is discussed in Com m ault et 

a /.[7], for example. In particu lar, if the columns of =  span the upper

infinite frequency eigensubspace of M{^s) w ith being an n-rowed partition  of

then  it follows from the definition above th a t the  Im =  V^/V* which is a 

geom etric subspace defined in [7].

The next two lemmas will prove useful in the ensuing analysis.

L e m m a  2 .5  Let A f(s) he a regular pencil with X  being a matrix whose columns 

fo rm  a basis fo r  the eigenspace corresponding to some eigenvalue G C U {oo} o f  

A f(s). Similarly, let Y  be a matrix whose columns fo rm  a basis fo r  the left eigenspace
\

o f  M (s )  corresponding to an eigenvalue Ay G C U {oo}.

Then i f  Xx 7  ̂ Xy =>

Y ' ^ { - sE - \ - A ) X  =  0 . (2 .33)

Proof: Suppose first, th a t X^ is finite. Then from (2.22, 2.23) there exist m atrices

Ay and A^ satisfying

Y'^A =  A ' f Y ^ E  (2 .34)

A X  =  E X A ^  (2 .35)
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rwhere all the  eigenvalues of Ay and A^ are at Xy and X^ respectively. Left m ultip ly  

(2.35) by and substitu te  from  (2.34) to  get

1. e.

Y ' ^ E X A ^  =  Y ' ^ A X  =  A f Y ' ^ E X

{Y'^EX)A^ -  A'fiY'^EX) = 0

( 2 . 3 6 )

( 2 . 3 7 )

Now note th a t by assum ption, th e  eigenvalues of and Ay do not correspond =>

by Lem m a 1.5 of [31] th a t the  unique solution to  this last equation is Y ^ E X  =  0.

For X^ =  oo, (2.35) becomes

A X  Ax =  E X  ( 2 . 3 8 )

where Â . is now a nilpotent m atrix . Again leftm ultiply by Y ^  and su b stitu te  from 

(2.34) to  get

Y ^ E X  =  A f Y ^ E X A x  ( 2 . 3 9 )

By repeated  substitu tion  from (2.34) and (2.38) we get

Y ' ^ E X  =  A f Y ' ^ E X A ,

= A'fY'^AXAl

= a I 'y '^e x a I ( 2 . 4 0 )

=  A y ' Y ' ^ E X A l  V i n t e g e r s  n  

Since A^  is n ilpotent then , by definition, there exists some integer n  >  1 such th a t

A” =  0. The result then  follows.

□

L e m m a  2 . 6  Let

(1) (&i) ;(i) ( 2 . 4 1 )
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he a matrix o f  infinite zero eigenvectors o f  the pencil M {s )  = —s E p A  corresponding 

to the nilpotent Jordan matrix  Aqo e.

M(s)HooAoo = FHoo(—«Aoo + I)

Define

and

where

and

: =

.-.OO

:=

'=’(0'-'OOl ‘- 'O O ,

‘—OOr

(Aj —1)

( 2 ) r(fei)

( 2 . 4 2 )

( 2 . 4 3 )

( 2 . 4 4 )

( 2 . 4 5 )

( 2 . 4 6 )

Then and  E ^) span the lower and upper infinite frequency eigensuhspaces o f  

M {s) ,  respectively, and

( 2 . 4 7 )

Proof: By definition E ^  and and upper infinite frequency eigensubspaces of M {s)  

respectively. To prove (2.47) it suffices to  take th e  eigenvectors associated w ith  a 

single Jo rd an  block in (2.42) i. e.

A f  ( ^ ) ‘̂ o o j  A qo^. —  F u i o o j ‘ (  s A qoj 4 "  7 ) ( 2 . 4 8 )

where Aqq . is th e  kj x kj m atrix  given by

A nr, —
0 h j-1  

0 0
( 2 . 4 9 )
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and

i)
(fci) ( 2 . 5 0 )

Then

-oo,- ---

a n d

«(*>

Substitu tion  in 2.42) yields

S% A  =  E hS2 >.

and the  result follows by equating the last {kj — 1) columns of (2.52).

( 2 . 5 1 )

( 2 . 5 2 )

□

We conclude the  section w ith a brief discussion on pencils which are Rosenbrock 

system  m atrices in s ta te  space form i. e.

M(s) =  —sEm +  Am =
s i  — A - B

D

( 2 . 5 3 )

A concept which is of critical im portance to our study  is th a t of the invariant 

zeros of the  system  G{s) = C { s l  — A )~ ^B  +  D. The finite invariant zeros of this 

system  are defined to  be the finite eigenvalues of M {s)  [37, 45]. For infinite invariant 

zeros, we employ the  following definition:
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D e f in itio n  2.5 ( In f in i te  I n v a r ia n t  Z e ro s)  The infinite invariant zeros o f  

are defined to be the non-trivial infinite eigenvalues o f  M {s ) .

The definition is m otivated by th e  fact th a t triv ial infinite eigenvalues are as­

sociated w ith constant diagonal blocks in the  K C F of M {s).  T he im plication for 

the  system  { A , B , C , D }  is th a t even when D  is injective (in which case there are 

no transm ission zeros at infinity [61]), the  pencil M {s)  will have r triv ia l infinite 

eigenvalues. We also recall th a t for finite frequencies [37], the  set of transm ission 

zeros and invariant zeros coincide. T he fact th a t this also holds in the  infinite fre­

quency case, w ith the definition posed, follows from Lemma 2.7 below. Observe th a t 

th e  lower and upper infinite frequency eigensubspaces of M (s )  are spanned by all 

bu t th e  highest, respectively lowest, grade eigenvectors corresponding to  the infinite 

invarian t zeros of {A , B ,C ,  D }.

L e m m a  2 .7  The following properties link the infinite zero structures o f  M {s)  and 

G{s):

(  i) (7(^) has I infinite zeros o f  order ki, i £ I 4^ M {s)  has I infinite eigenvalues 

o f  respective orders k{, i £ I.

(ii) The chain {uq, - , is an eigenvector chain corresponding to a k-th

order infinite zero o f  G{s), the chain ••• ,  is an eigenvector chain

corresponding to a k-th  order infinite eigenvalue o f  M {s) ,  where
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r ( i )  _

V “V

( \

Ua-1

( 2 . 5 4 )

Proof: See A ppendix A.

Finally, we have the  following result

□

L e m m a  2 .8  The lower infinite frequency eigensubspace o f  the pencil M {s)  in (2.53)

lies in  Ker C  D . A n y  vector x  which lies in the upper infinite frequency eigen­

subspace o f  M {s)  satisfies E m ^  ^  0.

Proof: Follows directly from (2.26).

□

2.4 Computational Aspects

There are m any software packages currently  available for determ ining the zero struc­

tu re  of a given m atrix  pencil; one exam ple is the EIG EN  or QZ functions available 

in MATLAB [39]. These packages work quite well when all the  zeros of the  relevant 

pencil are finite bu t are generally not well suited to  the  task  of determ ining the 

infinite eigenstructure of m atrix  pencils.
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This is perhaps best perform ed by using procedures based on algorithm s such as 

the  “pencil algorithm ”described by Van Dooren [12]. T he pencil algorithm  employs 

un ita ry  operations to  transform  th e  m atrix  pencil to  block triangu lar form. The 

relevant eigensubspace can then  be determ ined from the  orthogonal transform ation 

m atrices (see following C hapter for an exam ple). I t should be noted, th a t the  

pencil algorithm  is quite expensive; it is generally more economical to  determ ine 

the  finite eigen-structure by  the QZ algorithm  [10]. However, Van Dooren has 

indicated th a t the QZ algorithm  could destroy the  infinite frequency s truc tu re  of the  

pertinen t m atrix  pencil. He therefore suggests th a t the  infinite frequency structure 

be ex tracted  before application of the  QZ algorithm  to  determ ine th e  finite frequency 

structu re .
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Chapter 3

The Cheap LQ State-Feedback Problem

3.1 Introduction

In this chapter we consider the  LQ problem  for p lants w ith transm ission zeros on 

Specifically, we consider the  system

\
X A B

y ] C D { e )  _

/  \
( 3 . 1 )

\  “ /

where {A, .5} is stabilizable. We assume th a t 3e* > 0 such th a t th e  following hold: 

A 3 .1  The transfer function

G(e, 5) := C { s l  -  A)“ ^5 + D { e )

has no zeros on Ve E (0 ,e*].

A 3 . 2  D{e) is a continuous m ap on (0 ,e*].

A 3 .3  D(e)^Z)(e) is m onotone decreasing on [0,e*].

( 3 . 2 )
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For this system  we wish to  determ ine the  optim al control which minimizes fori 

e -> 0
pOO

J { € , x o , u ) : =  I  | | i / ( t ) | | ^ d t  <  o o  ( 3 . 3 )
Jo

such th a t  the  stab ility  constrain t Hm x{t) =  0 Vxq E 3%” ̂ holds. We note th a t this 

includes the  usual LQ cost sum m ation

J =  f  X { t ) Q x { i ) u  { t)R u (t)d t  
Jo

where Q  =  Q '  >  0  and i? =  i?' >  0; to  see th is, take, for exam ple, C  =
Q

(3.4)

and

Z > ( e )  = in  (3.1).

We shall prim arily be concerned w ith the  case where ( r(0 ,s )  has transm ission

zeros on ( in  this case our analysis will be seen to  em body the cheap control

problem  [59, 65, 23, 15]); however, our results will be directly applicable to  the  case

where this is no t so.

The m otivation for studying these problems is as follows. Consider th e  system

( 3 . 5 )

I t is well known th a t no acceptable solution (i. e. one which is a realizable stabilizing 

feedback control w ith no pole/zero cancellations on 3?(s) >  0) exists to  th e  LQ 

problem

m i n { J ( æ ( 0 ) ,  w )  : =  f  | | v ( Z ) | | ^ d t }  ( 3 . 6 )
 ̂ J o

/  \ * (  \
X A  B X

V J H  D
\  ^  }
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when G{s) := C { s l  — A )~ ^B  +  D  has transm ission zeros on In such a case, 

one a lternative which is often pursued is to solve a nearby problem  derived from a 

suitable p e rtu rb a tio n  of the  p lan t G{s). For example, one m ay use the  em bedding

G[e,  s) —
G{s)

e l
( 3 . 7 )

which has no zeros anywhere. N ote th a t G{e,s)  is now of th e  form  (3.1) w ith C =

. M oreover, we have th a t
H D

and D{e) =
0 e l

poo
J { e , x o , u ) =  /  ||i;(<)||^dt J{xo, u)

Jo
( 3 . 8 )

N ote th a t the zeros of G{e,s)  d isappear for arb itrarily  small pertu rba tions,

e; th is lends justification to  th e  practice of calling the  LQ problem  (3.3 singular if

G{s) has transm ission zeros on

Im plicit in  (3.3) above is the  requirem ent th a t y(t)  £  Va?(0) £ 3%̂ and for

e —̂ 0. This autom atically  excludes any y{t) for which the  corresponding Laplace 

transform  has poles on In particu lar, this excludes im pulsive type signals. Such 

j solutions m ay occur when D(e) loses colum n rank and are handled elsewhere by 

j  the  application of distribution theory (see [59], for exam ple). As we shall show, 

j  th is difficulty m ay be altogether avoided by analyzing th e  problem  in th e  frequency 

dom ain. To th is end, we note th a t by Parseval’s theorem , th e  cost function (3.3) is 

also given by
1 r°°

J { e , x o , u ) = — J  \\y{ju))\\^du)  ( 3 . 9 )
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In  w hat follows, we carry out th e  necessary analysis by considering th e  depen­

dence on e of the  eigenstructure of the H am iltonian m atrix  associated w ith the  

problem  (3.3). By application of a theorem  on the  invariant subspaces of analytic  

m atrix  functions of a single variable [32], we ob tain  the required characterization of 

the  lim iting solution to  (3.3). To th e  best of our knowledge, this is th e  first tim e 

th a t this particu lar “m odal” approach to  the  problem  has been taken. The analysis 

is somewhat in the  vein of the “m ultivariable asym ptotic root locus” analysis car­

ried out by K w akernaak [30] and others; however, this approach leads to  w hat we 

believe is a m uch more com plete specification of the solution to  the  problem . For ex­

am ple, th e  solution derived clearly distinguishes the  singular arcs [1] and im pulsive 

com ponents in  the  control when (?(0 ,.g) has zeros at infinity.

3.2 A Generalized Eigenproblem Framework for

j the Cheap LQ Problem
!

Recall th a t given any e a solution to  (3.3) exists if and only if there  exists a positive 

I semi-definite solution P (e) to  the Riccati equation (see, for exam ple, [31, Theorem  

I 3.4]):

A ^ P { e )  4 -  P { e ) A  +  C '^ C  -  { C ^ D { e )  +  P { e ) B ) { D ' ^ { € ) D { e ) ) - ^ { D ' ^ { e ) C  - f  B ' ^ P { e ) )  =  0  ( 3 . 1 0 )

The solution m ay then  take the form  of the feedback control

% ( a )  =  —F o x { s )  ( 3 . 1 1 )
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( 3 . 1 2 )

A lternatively, the  optim al s ta te  ^(a) and control u{s) m ay be directly obtained 

from  th e  stable tra jectories of th e  autonom ous system

{—sEi + Afc(e))

\ (  \
3(4 % ( o )

=  E^ 4 , ( 0 ) ( 3 . 1 3 )

U { S )  y ^ ( 0 )  j

where
I 0 0 A  0 B

E}, : = 0 I 0 1 ^ b{€ )  : = - C ' ^ C  - A ^  - C ' ^ D { e )

0 0 0 D { e f f C  B'^ D ( e ) ^ Z > ( e )

( 3 . 1 4 )

In  fact we have th e  following Lemma:

L e m m a  3.1 The pair (x{s), u{s))  solves ike optimal control problem (3.3) corre-

x{s)

sponding to the initial condition # (0 ) i f f  

o f  (3.13) fo r  some (j){s).

4>{s)

\  “ («) j

is an asymptotically stable solution

Proof: Necessity follows from  the  application of the Pontryagin  M axim um  P rin ­

ciple (see [1], for exam ple). Sufficiency follows by applying a “com pletion of the 

squares” argum ent similar to  th a t used in  [35].

□
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! Now let X /(e ) , ^ (e ) E and Uffe) E be such th a t <S_(e) =  Im

^ ;^(4 \
where <^-(e) is the stable eigenspace of —sEb +  Ab. T hen if there ex-

V V
ists a solution Vccq E X (e) is nonsingular. M oreover,

P { e )  =  ( 3 . 1 5 )

and

Fo =  - U { e ) X ( e ) - ' ^  ( 3 . 1 6 )

We shall have use for some other properties of (3.13) which we s ta te  in the  next 

lem m a. For generality we tem porarily  assum e th a t

A R B  

Ab = - c ' ^ c  -A'^ -C^D{€) (3.17)

D { e f f C  B'^ D { e f f D { € )

where R  is sym m etric positive semi-definite. This will be of im portance when we

study  problem s. We define the  system  m atrix

Mg{s) :=
—s i  4 -  A B

C D { 0 )

( 3 . 1 8 )

L e m m a  3.2 Let  W (e,.s) =  —sEb +  A&(e) where Ab is as given in (3.17). Then

(i) The finite zeros o fW { e ,s )  are symmetrically placed about the juj-axis.

(ii) The pencil PF(e, 5 ) has r grade 1 infinite eigenvectors Ve, where r is, as 

before, the column dimension o f  B .  Moreover, fo r  e ^  0 the associated chains are 

all o f  unit length.
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(iii) I f  M g {s) has a complete chain {

then the vectors {

W { 0 ,s ) .

Proof: Define

^ *(1)

y

x '̂-l ^

.(■) y

%(*) 
}̂ at s = X £ C U OO;

} form s a partial chain at s = X fo r  the pencil

T  =  d i a g {  J ,  I r }

0 - /n

Ir. 0

where J  is the  sym plectic m atrix  J  = 

observe th a t

T W { e ,  s ) T  =  W { e ,  a ) * ,  W { e ,  s)* : =  W { € ,  - s )

( 3 . 1 9 )

T hen by direct calculation, we

( 3 . 2 0 )

Since T  is nonsingular, P a rt (i) then  follows from the fact th a t th e  set of finite zeros 

of TP(€, and  TP(e, a)* coincide.

P a r t (ii) follows from  th e  fact th a t the  columns of th e  m atrix form a basis

for Ker Ef, and hence m ay be taken  as the  full com plem ent of grade eigenvectors 

of —sEb +  A(e) Ve. M oreover, it is clear th a t for e ^  0 the  recursion (2.26) cannot 

proceed beyond the  first grade.

For p a rt (iii) assum e w ithout loss of generality th a t  A E C. Let

XI) ... M u (1) ...  # )
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. T hen it is readily seen by su bstitu tion  in (2.22) th a t if the  columns of form
U

le  columnsa basis for the  finite eigenspace of M g {s ) corresponding to  some Ay t 

X

form a basis for the  finite eigenspace of W (0 , 5 ) corresponding to  Ay. Aof

U

sim ilar argum ent holds for A =  oo.

L e m m a  3 .3  Let the columns o f  the matrix

□

X

u

fo rm  a basis fo r  the stable

eigenspace o f  the pencil W (0 , 5 ) and the columns o f

infinite frequency eigenspace o f  M g {s ) defined in (3.18). 

Then

Xc

Ur..

fo rm  a basis fo r  the

( 3 . 2 1 )

Proof: From  Lemm a 3.2 th e  columns of

X«

0

Ur.

span a subspace of th e  infinite

frequency eigenspace of TF(0, .$). M oreover, it is easy to  show th a t  the  columns of

- X

U

spans the  stable left eigenspace of IF (0, j ) .  The result then  follows from

; Lem m a 2.5,

□

L e m m a  3 .4  A ssum e that A 3 .3  holds. Let ( x ( t ) ,u ( t ) )  be a vector pair such that

J ( e * , « O j I t )  <  OO ( 3 . 2 2 )
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fo r  some e* > 0. Then the function J (e ,x o ,u )  is monotone decreasing on [0,e*]. 

Proof: F irst note th a t

/  \?" r _ 1 /  \
x{i)3(4 ^

T

C^D(e) /
112/(411" =

 ̂ '“(4 J D^{e)C  £>^(e)£>(e) \\  « ( 4  J

(3.23)

A ssum ption A3.3 implies th a t D{e)D^{e)  is m onotone decreasing. Now we use

the  fact th a t the eigenvalues of
C'^C C^D(e)

D^{e)C D'^{e)D{e)
agree, except for a set of zero eigenvalues. Hence we have th a t  for Ci >  € 2

and C D{e) C  D{e)

C  D(ei) C D{ei) > C  D{€2) (3.24)

C ^ C  C ’’D (e i) C ^U (€2)
(3.26)>

D ^(e2)C X>^(e2)D(e2)

T he proof is com pleted by noting th a t th e  in tegrand in (3.3) is therefore m onotone 

decreasing in e.

□

L e m m a  3.5 There exists a solution, (ic(t), u.(t)), to the problem (3.3) at e = 0 if  

there exists a solution, (æ *(t),u*(t)), to the problem at e = e* fo r  some e* > 0 .

Proof: By A ssum ption A3.3 and  Lemm a 3.4 (3.3) is m onotone decreasing in e. 

Since this function is non-negative, and  since, by hypothesis, J(e* , x*(0),u*)  exists, 

it follows th a t J (e , £c*(0 ),u*) is a bounded m onotone decreasing function of e and 

hence converges as e —> 0. This imphes the existence of a solution a t e =  0. □
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3.3 Solution to the Cheap LQ State-Feedback] 

Problem

Our first m ain result of the  chapter follows: 

T h e o re m  3.1 Assum e that A3.1-3.3 hold. Let be a matrix whose columns

/
-^Oe

\

lim S_  (e) =  (0) U  Im 0

V .  . /

fo rm  a basis fo r  the sum o f  the finite eigenspace and the lower infinite frequency 

eigensuhspace o f  the pencil M g {s ). Then it holds that

(3.26)

In  order to  prove this theorem  we will need two supporting  lem m as. T he first is 

proved in  Gohberg et al. [20]:

L e m m a  3 .6  Let A {p ) ,p  E be an n  y. n  complex matrix-valued function  analytic 

in a domain H o f  C.Let r =  m ax rank  A{fi). Then there exist n-dimensional vector 

valued functions yfi^t), i E n  such that 

(  i) yi{fi) is analytic in  O V z E 21,

(  ii) • ’,y,.{fjb) are linearly independent V/t E

(iii) • ” ,yn{fi) are linearly independent "ip  E f2,
1

! (  iv) Span{t/i(/t), , yr{p)}=  Im  A {p) and  Span{t/,.+i(/i), , t/„ (/t)}=  Ker A{p)
I
\f p  E except fo r  those isolated points, pi E fo r  which rank  A{pi) < r. A t  

these points the following hold

Span{y i {p i ) , ”  • , yr{pi ) }  D Im A{pi)  (3.27)

4  4



S p a n { y r + i ( y i ) , "  • , y n { p i ) }  C  K e i  A ( y i )  ( 3 . 2 8 )

Proof: See C hap ter S6 of [20]. □

The next lem m a is easily proved using s tan d ard  m atrix  theory:

L e m m a  3 .7  Suppose T  E has k eigenvalues at s =  X o f  respective orders oli ,

i E k. Define a  :=  J2iek Then it holds that

d i m  K e r  ( T  -  A / ) «  >  q ( 3 . 2 9 )

\f q E OL.

Proof o f  Theorem 3.1: Assume th a t M g{s ) has k  d istinct eigenvalues of various 

orders. Consider th e  neighborhood \= (—e*,e*) of e =  0. Let ct E % be such 

th a t on He* TF(6 , 3 ) has no eigenvalue A =  —ot. Now ;make the  transform ation

5  =  5  4 -  O' ( 3 . 3 0 )

and note th a t th e  eigenstructure of TF(€,5) a t 5 =  A is isom orphic to th a t  of TF(e, 5) 

=  —sEb +  {ocEb +  Ai>(e)) at 5 =  A +  a .  Also note th a t  by  construction aEb  +  A&(e) 

is nonsingular on Hg* and define

0 ( e )  =  { a E b  +  A b { e ) ) - ^ E b  ( 3 . 3 1 )

Now the  right eigenstructure of W {e,  s) is identical to th a t  of

( a i :6 + A (e )r* W ^ (£ , 5) = - ( « £ : , , +  +  /  (3.32)

It therefore follows th a t the  eigenstructure of th e  pencil W {e ,s )  a t 5 =  A is now 

isom orphic to  th a t of the  m atrix  0 (e ) a t p =  Figure 3.1 shows how the

conformai m ap p = m aps the  6-plane; note th a t the  left half 6-plane is m apped 

onto the  exterior Jo  of the  circle f f .
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s -Plane p =l/(s-HX) p -Plane

Im
Im

J o

s= 0

l/2a Rel/aRe

Figure 3.1: M apping of the  6 -P lane under p =

From  Lemm a 3.2 we know th a t Ve 0 (e ) has a characteristic polynom ial of the 

form

7r(e,p) =  p’'7ro(e,p)7ri(e,p) (3.33)

where the  zeros of tTo are all in Ĵ o for e ^  0. W ithout loss of generality, we assume 

th a t e* is small enough so th a t those eigenvalues in ^  which do approach as e — 0 

are distinct from  those rem aining in Ĵ o Ve E Oe*. We also assum e th a t  Ve E fl* those 

eigenvalues in Jo which approach p — pi oti J  are distinct from  those approaching 

the  value p = pj on J , i ^  j . T hus, on 0^* we have the  coprime factorization :

TTo =  7 r i 7 r 2 ,  7T2 : =  7 T 2 , • • • 7T2^

where the  zeros of tti are in Jo  Ve E Oe*, and th e  zeros of 7:2 ,̂ i E h ,  approach 

the  value p = pi on J  as e —> 0. Note th a t 0 (e )  is analytic in by v irtue of
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the nonsingularity  of ocEh +  A(,(e); hence th e  polynom ials tti and  7T2 ,̂ i E are 

continuous in e on Q*.

Let 5 be th e  order of tti and Si the  order of ^ 2  ̂ i E k. Now, Ve E Og* we have 

th a t

5_ (e) =  Ker 7To(e,©(e)) =  Ker 7Ti(e,©(e)) 0 Ker 7T2i ( e ,0 (e)) 0  • • • 0  Ker 7T2fc(e,0 (e))

the la tte r  equality following from  the  coprimeness of the  respective polynom ials. 

Consider, first, the  subspace Ker 7Ti(e, 0 (e )); since the  dim ension of th is  subspace is 

constan t (=  ^) on Og* it follows from Lem m a 3.6 th a t

l i m  K e r  7T i ( e ,  0 ( e ) )  =  K e r  7T i ( 0 , 0 ( 0 ) )  ( 3 . 3 4 )

Next consider the  subspace Ker 7T2^(e, 0 (e )) . By Lemm a 3.2 the chains corre­

sponding to  p =  pi have a cum ulative length I >  Si. It therefore follows from 

Lem m a 3.7 th a t  dim  Ker 7T2^(0 , 0 (0 ))  =  dim  Ker (0 (0 )  — pilY*>  Si. This proves 

th a t if Soe(e) is a m atrix  whose columns form  a basis for Ker 7T2(e, 0 (e )) , e ^  0, then  

by Lem m a 3.6 :=  limg_^o 2og(e) exists and satisfies

I m  H o e  C  K e r  ( 0 ( 0 )  -  p i / ) ^ *  0  . . .  ©  K e r  ( 0 ( 0 )  -  p k l Y ’‘ ( 3 . 3 5 )

Sum m arizing, we have th a t

l i i n « S _ ( e )  =  < S _ ( 0 )  U  I m  H o e  ( 3 . 3 6 )

where rank  Soe =  J2i=i ^i=  rank  Soe(e) for any e E fZ*.

I T he proof is now alm ost com plete save for the characterization  of Hoe. To ob­

ta in  th is, we note th a t the  eigenspace of IK(0 , 6 ) associated w ith  the  eigenvalues
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determ ines those solutions of (3.13) w ith poles on the  ^w-axis or a t infinity ( polyno­

m ial solutions).It follows th a t the  corresponding cost (3.9) would be infinite unless

all such solutions lie in Ker G D (in which case the  cost is zero). Now note

th a t by  Lem m a 3.2 the  columns of

where

(0

u,(0Oe

do indeed form  p artia l chains of W (e ,6 )

C Ker C D
. .

; moreover, the  choice of any o ther vectors in the 

respective chains results in  infinite cost in (3.3). □

Theorem  3.1 verifies th a t the lim iting optim al solution is indeed determ ined 

by the  m odal responses of IK(0, s) as suggested by application of the  M inim um  

Principle a t e =  0. T he com plexity in  deriving the  lim iting subspace when PP(0, s) 

has infinite eigenvalues arises from the  fact th a t  while the  relevant initial conditions 

m ay depend on the  highest grade eigenvector of M g {s \  th e  resulting solutions are 

! spanned by eigenvectors of lower grade. This results in a lim iting feedback gain Fq 

(3.12) which is infinite.

Im plicit in the above is the  assum ption th a t a solution exists a t e =  0. The 

following lem m a is helpful in determ ining when a solution to  th e  problem  actually  

exists.
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1 X

L e m m a  3 .8  Let <$_(0) =  Im $

U

and let he a matrix whose columns

form  a basis fo r  the sum  o f the finite C eigenspace and the upper infinite frequency

eigensuhspace o f  M q{s ). Define X . ThenX  X L

(i) Im  X  is the space o f initial conditions Xq fo r  which the cost (3.3) is finite.

(ii) rank X  < n  no solution to the problem (3.3) exists.

Proof: P a r t (i) follows from  the argum ents given in  the  proof to Theorem  3.1 and 

th e  discussions of C hapter 2. For p a rt (ii) note th a t if th e  hypothesis holds, then  

since th e  set of eigenvectors of kP(0 , a) are linearly independent => th e  existence of 

in itia l conditions Xq which can be  associated only w ith th e  unstab le  eigenspace or 

th e  space of eigenvectors of higher grade => no solution exists. On the other

%(a)

hand , if rank  X  — n \/xq E 3Î” there exists a corresponding tra jec to ry

 ̂ ^(4  )
in  (3.13) such th a t  Hm x{t)  =  0 and (3.9) is bounded => a solution exists. □

T he following theorem  gives us a form ula for the  lim iting value of (3.3).

I T h e o re m  3 .2  Let

X

$ and

u

he defined as in the previous lemma. A s ­

sume that there exists a solution to the cheap control problem (3.3). Then the lim­

iting cost is given by

J ( x q) J( ( i^xo^u^)  — Xq P^xq ( 3 . 3 7 )
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where Ut{s) is the optimal control and  P* is a sym m etric  positive semi-definite n x n  

matrix given by

(3.38)

where H  is a partition o f  the nonsingular matrix H which satisfies

HZ
=  I (3.39)

Proof: By Lemm a 3.8, the  existence of a solution to  the  problem  (3.3) implies th a t  

V æo C 3̂ *̂ 3 vectors v, v^e such th a t

Xq =  X v - \ -  X t \ , (3.40)

M oreover, the  resulting cost is equivalent to  th a t obtained  for Xq = X v  since th e  cost

pertain ing  to  th e  eigenspace of TF(0,6 ) is zero. In th e  tim e dom ain th e  optim al

X
sta te  and control tra jectories corresponding to  Xq is given by 

for i >  0, where A is strictly  H urw itz and satisfies
\  ^ ( 0  / $

A  0 B X X

- C J C  - A ^  - C J D $ = $

D '^ C  D '^ D U 0

(3.41)

T he optim al cost is thus given by

j(XQy Uj — I
J o  

= v-(
J o

/  \
T  r

X

\  )

C T c  cJ d  

D'^C D'^D

/  \
X

\  ^ /

d t

X

T

cJc cJ d X

u D '^ C D '^ D u
e ^ * d t ) v (3.42)
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Now from  (3.41) it can be  shown th a t

X
T

c '^ c cJ d X

u D'^C d '^d u
( 3 . 4 3 )

Hence we have th a t

r°° tr
J{xo,u)  =  -v '^ i  *(X ^$A  +  A ^X ^$)e^*d t)i;

J o

=  —v'^{ f  ■^{e^^*X'^^e^*)dt)v 
Jo dt

=  X'^

the  last equality following from  the fact th a t A is H urw itz. Since

( 3 . 4 4 )

X  X ,
(u)
Oe

IS

non singular 3 a m atrix such th a t

X  X,(«)
Oe

=  Ir , ( 3 . 4 5 )

Left m ultiply (3.40) by to  ob tain

V  =  X q

and su b stitu te  in (3.44) to  get

J{xQ,u) = xI h x '^^h '^xq

Now we note th a t from  Lem m a 3.3 th a t =  0 =  0

( 3 . 4 6 )

( 3 . 4 7 )

{HX'^ - 1 ) ^  = 0 ( 3 . 4 8 )

th e  last relationship following from  (3.45). Rew rite (3.48) as H X ^ ^  =  $  and 

su b stitu te  in (3.47) to  give

X q  P *  X q ( 3 . 4 9 )
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The equations above show th a t P* is indeed a m atrix  of a positive semi-definite 

form . To show th a t it is also sym m etric define N  :=  and pre-m ultiply

b o th  sides of (3.41) by 0 to  obtain

N K  =  - f  - f  X '^ C '^ C X  -  U '^ D '^ D U .  ( 3 . 5 0 )

Since th e  RHS of (3.50) is sym m etric and  N  is skew sym m etric, it follows th a t

{ - A T ) N  -  N K =  0  ( 3 . 5 1 )

Since A is H urw itz, and the  eigenvalues of — A^ and A are disjoint => by Lem m a 

1.5 [31] th a t  the  unique solution to  the  above is X  =  0

□

To com plete th is section we include à simple exam ple taken  from  [1, pg. 248].

Here, we have G{s) =  M q ^̂s ) =

-

0 1 1

0 0 - 1

1 0 0

. kF (0 ,6 ) has a finite LHP zero at

6 =  — 1 w ith  corresponding eigenvector (—2 1 2 2 1)^. T he infinite eigenvectors for

0 1

. Hence, corresponding to  an in itia l conditionM q { s ) are th e  columns of 0 - 1

1 0

/?(1 — 1)^ th e  optim al inpu t is —k8{t). For in itial conditions along ( —2 1)^ the

required inpu t is of the  form  this vector is indeed the  “singular arc” for the

infinite horizon problem . These results m ay be com pared w ith  those of [1].
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3.4 Summary

In  this chapter we have characterized the  lim iting solution to  cheap LQ problems 

by applying a result on the  invariant subspaces of an analy tic  m atrix  function of a 

scalar param eter e [20]. T he proof of the  result has been facilitated  by the  use of 

the generalized eigenproblem  form ulation of the  usual R iccati equation. A d istinct 

advantage of the approach is th a t we can directly determ ine th e  lim iting cost from  

the  system  param eters (Theorem  3.2).

O ur results show th a t when the  p lan t has zeros, th e  solution is determ ined 

by th e  stable eigenspace of a particu lar m atrix  pencil, IF (0 , a), and the  zero 

vectors of the  p lan t. This is in keeping w ith known resu lts for this problem  [59, 30] 

These results will now be applied to  th e  cheap LQG problem .
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Chapter 4

The Cheap LQG Problem

4.1 Introduction

In  w hat follows th e  results of C hap ter 3 are apphed to  obtain  a characterization  for 

th e  lim iting form of stochastic regulators. Specifically, we consider th e  system

\
X A Bi B2

2/1
= Cl D l l  D i 2 { )̂

V2 J C2 .021(f) D22

(  \
X

U l

\  )

( 4 . 1 )

where yi{i)  E 3%” *̂ and Ui(i) E i E 2. We assum e th a t ri < m i  and m 2  < V2  and 

th a t {v4, P 2} is stabilizable and  {C 2 , A} is detectable. W ithou t loss of generality, 

we assum e th a t

£>11  =  0 ,  £>22  =  0 .  ( 4 . 2 )

If D 22 Y  0 then  loop-shifting procedures, as outlined in [50], can be used to  determ ine 

transform ations to  zero th is term . In  some cases, a non-zero D u  can also be zeroed
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by the  m ethods described in [50]. Note th a t if no feedback com position results in a 

non-zero D ii, then  th e  resulting LQG cost is infinite and  th e  problem  ill-posed.

For our analysis we require th a t there exist e* >  0 for which the following hold:

A 4 .1  T he transfer functions 6 1̂2( 6 , 5 ) and  6 ), where G i2(e ,5 ) :=  C i{ s l  —

A )~ ^ B 2  +  P i 2(e) and 5 ) : =  C 2 { s l  — A )~ ^B i -j- D 2 i(c), are injective on (0, e*] X

A 4 .2  D i 2 {e) and D 2i(^)^  are continuous m aps on [0,e*].

A 4 .3  D i 2 (e)^D  1 2 (e) and Z>2i(e )P ^ i(e ) are m onotone decreasing on [0,e*].

T he vector Ui is assum ed to be un it in tensity  G aussian w hite noise. The sub-vector 

U2  represents the  control inpu ts and 1/2 the m easurable ou tpu ts. O ur objective is 

now to  determ ine for e — 0 the  control U2  to  minimize

J{e) : = E { y ’[ y i ) .  (4.3)

We shall again be prim arily  concerned w ith th e  case where 5 ) a n d /o r  (^12(0 , s)

have zeros on Following th e  no ta tion  in the  LQ problem  we shall therefore, in 

th is case, refer to th e  problem  (4.3) as a c h e a p  L Q G  p ro b le m .

We begin w ith a brief discussion on system  m atrices which are analy tic  in  a 

scalar param eter e.
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M ii(e , 5) M i2(e, 5)
M (e, 5) =

M2i{e, s) M 2 2 {e, 5)

4.2 System M atrix Parameterizations of Well- 

Posed Systems

In this section, we digress m om entarily  to  consider th e  following problem : Suppose 

we are given th e  polynom ial m atrix

Afiofe. si
( 4 . 4 )

which is polynom ial in s and  analytic  in  e for all e in  some region W  C %. Define 

th e  m apping

G{ €,  s )  = —M 2 i { e ,  s ) M i i { € ,  s)  ^ M i 2 {e, s )  A  M 2 2 {e,  s ) .  ( 4 . 5 )

T he problem  is to determ ine w hether lim  (7(e, a) exists for some given cq E W . 

M { e ,s )  can thus be considered as th e  Rosenbrock system  m atrix  [45], say, of a 

linear system  which is param eterized  in term s of a scalar e.

D irectly rela ted  to  th is issue is th e  notion of w hat we term  a well-posed or an 

i /o  well-posed system  m atrix .

D e f in i tio n  4.1 The Rosenbrock system  matrix

P { s )  =
f i i ( 4 P l 2 ( 4

_ f 2 l ( a ) P22(^) _
( 4 . 6 )

is said to be i / o  w ell p o s e d  i f  given any u(s) in the field o f  rational functions, 

there exists a unique y{s) satisfying

P i i ( 5 ) 33( 5 )  4 - P i2(s)w (s) =  0  

P2i(s)æ(5)-H P22(«)^5) = y{s)

( 4 . 7 )  

( 4  8 )
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fo r  some rational vector function  z /a ) . I f  z /a )  is also unique fo r  each ^ ( 5 ), the 

system  matrix will he said to he w e ll-p o se d  .

Equivalently, it is seen th a t P (s )  is i /o  well-posed if and only if there exists a

unique function, T (s ) ,  such th a t y{s) =  T (6)u(6), where th e  pair (t/(6),it(6)) satisfy

(4.7, 4.8), even when P n {s )  is singular. F urther though t shows th a t  P {s)  is i /o  well

posed if and only if the  following hold

(i ) 3 a t least one solution x(s)  to  (4.7) for any  given ^ ( 3 ).

(ii) If a3i(6) and * 2(5 ) are solutions to  (4.7) corresponding to  some u{s)  then

P 2 i ( s ) ( ® i ( s )  -  ® 2 ( « ) )  =  0 , a . e .  ( 4 . 9 )

This is em bodied in the  following lemma:

L e m m a  4 .1  The system  matrix P (s )  is i /o  well posed i f f  the following condition  

holds

r a n k P i i ( 5 )  =  r a n k

=  r a n k

P ii(^ ) Pi2(a) 

f i iW

( 4 . 1 0 )

( 4 . 1 1 )

P2i{s)

fo r  almost all s E C. It is well-posed i f f  (4-10) holds and P n (s )  is injective almost 

everywhere in C .

Proof: From  elem entary  linear algebra (see [58], for exam ple) we know th a t  given 

any u (s ) ,  th a t  (4.10) and th e  injectiv ity  of P ii(5 ) are necessary and sufficient con­

ditions for th e  existence of a unique solution x (s )  in  (4.7). Note th a t an equivalent 

expression for (4.10) is th a t  Im  P i 2 u{s)  C Im  P u (5 ) alm ost everywhere.
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Again, we note th a t, by itself, (4.10) is necessary and sufficient for the  existence 

of a t least one ^(a) given any tt(6). We also note th a t (4.11) is equivalent to saying 

th a t  K er P 2 i{s)  C Ker P ii(3 ) alm ost everywhere. We claim th a t  th is is a necessary 

and sufficient condition for y{s)  to  be uniquely determ ined by (4.8) for all ^ (a) which 

is a solution to  (4.7) for a given 1̂ (5 ). To see this we recall th a t  any solution z /a )  

to  (4.7) takes th e  form

, % ( a )  =  æ i ( a )  +  X k ( s )  ( 4 . 1 2 )

f where ^^(a) E K er ■*'Pii(6) and is therefore uniquely determ ined  by 7/ ( 5 ) and  z&(6) E
I
I  K er P ii(6 ). T he result then  follows by the  fact th a t

y(s)  = P 2 iXi(s)  4- P 2 iXk(s)  +  Pz2%(^) (4.13)

and is unique, given %(6) iff P 2 iXk(s) =  0.

□

T he following corollary to  th is Lem m a provides us w ith a m eans for calculating the 

transfer function of an i /o  well-posed system  m atrix .

C o r o l la ry  4 .1  I f  the conditions o f  Lem m a 4-1 hold the corresponding transfer func­

tion from  u(s) to y{s) is given by

G(s) =  —P 2lP i iP l 2(.s) -f- p 22(<s) (4.14)

where P ii{s)  is the pseudo-inverse o f  P n ( s )  evaluated over the field o f  polynomial 

functions and defined by

Xi{s) = —P / iP i 2'u(6 ) (4.15)
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Proof: Follows from  Lem m a 4.1 and elem entary linear algebra considerations. □ 

N ote th a t for P n (s )  square the  definition of a well-posed system  m atrix  coincides 

w ith  th e  o rthodox definition. N ote also th a t if P(<s) is well-posed then  it is also i /o  

well-posed.

The m otivation for studying th is problem  arises from  the  fact th a t th e  stochastic

regulators which solve the  cheap LQG problem  will be characterized by system

m atrices which are analytic functions of th e  weighting param eter e. In  general, the

exact dependence on e will no t be known. Since we will be try ing  to  determ ine

! the  lim iting form  of these regulators as e ^  0 , it is p ruden t to  ask, for exam ple, if

G{eo,s) exists even when the  fim iting system  m atrix  M (eo ,s)  is not weU posed.

To dem onstrate  this lim iting behavior, consider th e  following exam ple:

( 4 . 1 6 )

se^ se a ( f )

M { s )  = se 1 P

7 1 0

For € ^  0 M (e ,s )  is well-posed w ith  corresponding transfer function

G(e, a) =  (4.17)

For e =  0 the  (1,1) block is singular and A f(0 ,s) m ay or m ay not be i /o  well-posed.

If it  is well posed then  the  corresponding transfer function m ay be determ ined from

0 0
(4.14); in this case we have ^ 11(5 ) =  

corresponding transfer function is G
0 1 

(0 ,s )  =  -13.

if ikf(0 , 6 ) is i /o  well-posed th en  the
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Now let us define

G q{s ) :=  lim G (e ,6 ) ( 4 . 1 8 )

if th is lim it exists. The well-posedness of this system  m atrix  for e ^  0 is sum m a­

rized in Table 4.1 for various values of a ,  (3 and 7 . O bserve, in particu la r, th a t 

th e  existence of an  i/o  well-posed lim iting system  m atrix  does not guaran tee  th e  

existence of

a (e ) 7 i /o  well posed lim it?

no
no
yes
yes

G(e, s), 
e >  0
ea— 1  ~ 

e»(l —s) 
ea —1 

a(l-a)
1  — a  

s
e a ( l  —a)

G (0,5)

not defined 
not defined 

0 
- 1

G q(s )

not defined
- 1

a(l-a)
1 — s

not defined

Table 4.1: Exam ples of P aram eterized  System  M atrices and  their Lim its

We can obtain  considerable insight in to  the  problem  by first considering the case 

where M (e, s) is a polynom ial m atrix  in e. In th is case the required lim it exists if and 

only if th e  corresponding transfer function G (e,s)  has no poles a t e =  €q. Thus the 

problem  is seen to  involve pole/zero  cancellations at e =  Cq; the  required  conditions 

m ust be determ ined from a knowledge of th e  relevant pole and  zero directions at 

e = €q [37]. I t is im p o rtan t to  no te  th a t  unless M (e ,s )  is linear in  e, the  vectors 

which specify these pole/zero  directions will them selves be polynom ial functions of 

e.

In th e  m ore general case, where M (e ,s )  is analytic in e, we claim  th a t  th e  same 

type  of analysis can still be carried ou t. To see th is, observe th a t  the  poles and
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zeros of G(e, s) are still defined, at least in the  scalar case, since G (e,s)  is a m atrix  

valued m erom orphic function^ in e and  since the  definition of poles and zeros for 

ra tional scalar functions are, in fact, directly derived from  th e  relevant definition 

for scalar m erom orphic functions. For m atrices, the  zeros of G (e ,s )  can be defined 

as the  values of e for which M (e ,s )  loses full (colum n/ row) rank. The poles will, as 

usual, be defined to  be the zeros of M n (e , 6 ). It is therefore seen th a t th e  definitions 

of poles and  zeros for m atrix  valued m erom orphic functions are n a tu ra l extensions 

of the  usual definitions for ra tional transfer function m atrices (defined on C) except 

th a t now, there will, in general be an infinite num ber of poles and zeros to be 

accounted for.

If we now apply the  pole/zero  cancellation argum ents given above, it is seen th a t 

th e  required vectors wiU be analytic functions of e and will be difficult to  determ ine 

even when the elem ents of A f(e,s) are explicitly known. This will not be the case in 

th e  s tudy  we will soon undertake. Presum ably, th e  required condition can also be 

determ ined by deriving a sufficient num ber of term s in  the  power series expansion 

I of M { e ,s )  about e =  Cq; however, this m ay also require an explicit knowledge of 

M (e, s).

In  lieu of a com plete description of the  solution to  the  subproblem  defined in this 

section, we s ta te  th e  following lem m as which give sufficient conditions perta in ing  to

^ M e r o m o r p h i c  f u n c t i o n s  a r e  f u n c t i o n s  w h i c h  c a n  b e  w r i t t e n  a s  t h e  r a t i o  o f  t w o  a n a l y t i c  f u n c ­

t i o n s .  S e e  [ 4 6 ]  [ C h .  l O j f o r  a  m o r e  f o r m a l  d e f i n i t i o n .  R a t i o n a l  f u n c t i o n s  a r e  e x a m p l e s  o f  m e r o m o r p h i c  

f u n c t i o n s .
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th e  existence of the  required lim it. B oth  follow from  th e  discussions given above; 

th e  first s ta tes th a t  the  lim it exists if G (e,s)  has no poles a t Cg. T he second states 

th a t th e  lim it cannot exist if  G (e,s)  has at least one pole, b u t no zero at e =  Cg.

L e m m a  4 .2  I f  it holds that det M i / cq, s) /  0, then  lim  G {e,s)  = G{eo,s) exists.

L e m m a  4 .3  I f  it holds that M i / cq̂ s ) is singular hut M ( e , s )  has full column or

row rank at e = Cq then  Hm G (e ,6 ) does not exist.c->co

4.3 The Cheap LQG Problem

In  this section, we consider th e  system  (4.1) and apply th e  results of C hapter 3 to 

determ ine the  lim iting form  of the  stochastic regulator which minimizes

J ( f )  =  E ( ÿ î ' î / i )  ( 4 . 1 9 )

as e —+ 0 . T he stand ing  assum ptions aie given in A4.1-A4.3. W hen and

T>i2(e) are injective th e  s tan d a rd  result (see [31]) yields an  u -th  order com pensator

F{ e ,  s )  =  - j r i 2 ( € ) ( s j  - A  +  B 2 Ü : i 2 ( € )  +  J r 2 i ( e ) C 2 ) - ‘ ü : 2 i ( € )  ( 4 . 2 0 )

where

X i 2 ( € )  : =  ( £ » i 2 ( 6 f £ > i 2 ( 6 ) ) - ^ ( P i ’ P i 2 ( 6 ) + £ > ? ; C i )  ( 4 . 2 1 )

K 2 i { e )  : =  ( P 2 i ( 6 ) C j  +  P i £ > i ; ( 6 ) ) ( £ ) 2 i ( ^ ) I > 2 i ( e ) ^ ) - '  ( 4 . 2 2 )

and P i2(e), P 2i(e) are th e  unique positive definite stabilizing solutions to  (we drop 

the  € argum ents for brevity)

A ^ P i 2  +  P i 2 v 4  - \ - C f C i -  P % P 3 ^ P i 2 P i 2  =  0  ( 4 . 2 3 )

P 2 iA ^  +  . 4 ^ 2 1  +  B i B \  — K 2 1 D 2 1 D 2 1 K 2 1  =  0  ( 4 . 2 4 )
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Before proceeding to  th e  m ain result of this section, le t us define th e  system  

m atrices

—s i  - |-  A B 2

C l D \ 2

—s i  +  A

C 2 X>21

( 4 . 2 5 )

( 4 . 2 6 )

Let ^ 12oo and
v-(0^ 21oo be m atrices whose columns form  bases for th e  lower infi­

n ite  zero eigensubspaces of and M q^^{s ) respectively; similarly, let
U.

1̂2oo
(«)

1 2 o o

and
X («)

2I00

form

be m atrices whose columns form  bases for th e  up p er infinite zero 

eigensubspaces of the respective pencils and M q^^{s ).

In  add ition , it will be assum ed th a t th e  columns of 

bases for th e  finite eigenspaces of and respectively, correspond

ing to  th e  m atrices Ay =  A12, and  Ay =  A2iy in  (2 .2 2 ).

To set up  the  appropria te  eigenproblem s, we define

X\2j -^21,-
and

U\2j ^21j

^ i 2 ( e ,  s)  =

—s i  A  0  B 2

- C ^ C r  - s i  -  - C f D i 2 ( e ) ( 4 . 2 7 )
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^ 2 1  (e , s )  =

c ï- s I  +  A'  ̂ 0

- s i - A  - J 5 i D ? ; ( e )  

D2^{e)B^ C2

(4 .28)

X12, X 21,

Now let the columns of 3"12, and ^ 21.

U1 2 . U2 1 ,

form  bases for the  stable subspaces

of W i2(0 , 6 ) and W2i ( 0 , ^) respectively, corresponding to  th e  m atrices Ay =  A12, and

Ay =  A21J in (2 .2 2 ).

F inally  define

( 4 . 2 9 )

X12 X12, X i2j- 4 1

$12 = $ 12. 0 0

U\2 U\2, Ul2j 4 1  _

X21 X21, ^21j 4 1

$21 = $ 21. 0 0

U2 1 U2 I, U2 1 J 4 1  _

( 4 . 3 0 )

and note th a t for all e >  0 the  controller s )  has system  m atrix  representation

Ppie.s) -

X ^ ^ { e ) { - s l  +  ^ ) X i 2 (e) +  X l { e ) B 2 Ur2 {e) +  £̂ 2̂1 (e) 02X12(6)

— t^i2(e)
( 4 . 3 1 )

X2i(e) Xi2(e)

where th e  colum ns of 1 .̂12 (e) := A2i(e) and 2 2 1 (e) := Ai2(e)

U2i{e) ^ 1 2 (4

the  respective stab le eigenspaces of TF2i(e , s) and W i2(e, s ), i. e. 3

form  bases for

satisfy (2.22) w ith Ay =  A i2(e) and Ay =  A2i(e) respectively where A i2(e) and A2i(e) 

are asym ptotically  stable m atrices Ve >  0.
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T he lim iting form  of th e  required com pensator is given by th e  following

T h e o re m  4.1 Suppose that 3e >  0 fo r  which a solution to the L Q G  problem (4-19) 

exists.

Then, as e —> 0 the following hold:

(  i) The limiting value o f  the controller system  matrix is

P f { s ) : =

-&12

( 4 . 3 2 )

(ii) The limiting closed loop transfer function is asymptotically stable and is given

{ - s i  +  A 2 1 , ) ^

— s l  +  A i 2 ,

( 4 . 3 3 )

C'iXi2, + D 1 2 U1 2 .

where

= Sl -  irJi.cx^i.Si + &&.S21) ( 4 . 3 4 )

and S 1 2 ,, H 2 1 , satisfy

- 1

Xi2. %12, X<“> ( 4 . 3 5 )1 2 ----

2 1,
- 1

( 4 . 3 6 )21 —

21
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(Hi) The lim iting cost (4-19) is given hy

J* :=  Km 7 (e ) =  T r(II* )  (4 .37)

whe re

n ,  =  - ^ C i C i P f ,  ( 4 . 3 8 )

Pc* = ^12. HL. (4.39)

P / *  =  7 7 2 1 , $ 2 1 , .  ( 4 . 4 0 )

(iv) I f  the system  m atrix  Ppi^s^ is well-posedf then  Km i^(e, 5 ) exists and is given

hy

F [ s )  =  P f { s ) ( 4 . 4 1 )

and this value o f  F (s )  achieves the limiting transfer function  Ty^Ui^s) and cost J*. 

Proof: I t is easy to  show th a t for e >  0 the stochastic regu lator is given by

F { e , s )  =  P F { e , s )  ( 4 . 4 2 )

T he fact th a t Pjr{e,s) Pf {^) follows from Theorem  3.1 and  th e  analy tic ity  of 

these m atrices in e.

For p a rt (ii) assume th a t e* is small enough so th a t those stab le  eigenvalues of 

^ 12(^5 .s) which approach locations a t infinity, the  finite jw -axis and the  open LHP
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are all in  disjoint groups on [0,e*]. For e >  0 we know th a t  th e  closed loop transfer 

function has Rosenbrock system  m atrix  representation

— s i  A  — B 2 K 1 2 — B 2 K 1 2 B i

0 —s i  A  — T T g iC g K 2 1 D 2 1  — B \

C l  — D 1 2 K 1 2 — D 1 2 K 1 2 0

( 4 . 4 3 )

: ( 4 . 4 4 )

; where Fri2(e), K 2 \{e) are given in  (4.21,4.22). Perform  the following equivalence 

transform ations:

column 2 = colum n 2 -colum n 1 

column 1 =  colum n 1 

row 2=  row 2 .

and use th e  eigenvector relationships for TFi2( e ,5 ) and lP 2i(e , a) in  (2 .2 2 ) to  obtain  

the descriptor form

.^ 1 2 (^)( —̂ 7 +  A i 2 (e)) s i  — A

0  (—a / +  A2i(e))^X2^(e)

0

;4 .45)

For e sm all enough we can p a rtitio n  Hi2(€) and H2i(€) as follows:

% 12. W : T i 2 _ ( 4

S i 2 ( e )  = $ 1 2 .  w $ 1 2 / 4 $ 12»  ( 4

^̂ 1 2 . ( 4 t ^ l2 , ( 4 ^ 12„o ( 4

( 4 . 4 6 )
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X 2 i .( 4 ■Ï21,(4 % 2 1 _ (4

=21 ( 4  = $ 2 1 .(4 $ 2 1 ,(4 $ 2 1 _ (4 (4.47)

% i . ( 4 E^21,(4 ( /2 1 . ( 4

where

and

J^12 .(4 ^ 1 2 , ( 4 ^ 1 2 ..  ( 4 -X’12, A'i 2_,- v (0
^12oo

lime-+0 $ 1 2 .(4 $ 1 2 ,(4 $ 1 2 . ( 4 $12, $12, 0

£7i 2 .(4 £7i 2 ,(4 [[12.  ( 4 Ul2. Ui2j [7 i'L  .

^ 2 1 . ( 4 ^ 2 1 , ( 4 % 2 1 .( 4 A'21, %21, ^ 2 i l

lim
e->0 $ 2 1 .(4 $ 2 1 ,(4 $ 2 1 . ( 4 = $21. $21, 0

_ [721.(4 [721,(4 [7 2 1 .(4 c^21. U2I, [7 ^ 1  .

(4.48)

(4.49)

A ssociated w ith  those zeros of in terest which rem ain finite as e —̂ 0 are the  m a­

trices whose eigenvalues correspond to  th e  eigenvalues of PF(e, 5 ) on

each subspace perta in ing  to  th e  closed right half plane; similarly, A i2^(e), A i2j (e) 

are m atrices whose eigenvalues correspond to  those of a) on the  p ertinen t

subspaces. M oreover, we have th a t

and

1̂ A i 2,(^) = Ai 2., 1̂ A i2,(c) = Ai2,

Jim A2i,( e )  =  A 21,,  1™  A21, (f) =  A 21,.

(4.50)

(4.51)

S ubstitu ting  in  (4.43) and  using th e  equations which define each eigensubspace, 

we ob tain  (e, 5 ) which is listed in Table 4.1 on page 76. Now m ultip ly  row 1

on th e  left by and column 4 on th e  right by H 2 1  defined in th e  theorem  and
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tak e  the  lim it as e 0 to  ob ta in  which is the  second en try  of Table 4.1.

Here we have used (4.35, 4.36) and th e  following facts (Lem m a 2.6):

A  B2  

(7% D\2

B f  D2 1

-̂ 12oo ■ - a  ■

1̂2oo 0

' 4 r i  '

7̂ 21oo 0

( 4 . 5 2 )

( 4 . 5 3 )

Clearly th e  (1,1) block in  is regular => by Lem m a 4.2 th a t  '=

limTy^^^(e,5 ) exists. Observe th a t  this also follows from  th e  fact th a t  Ve >  0 

is an R H ^  function w ith m onotonically decreasing norm . It is readily 

ascertained  th a t th e  blocks in ^-re either unobservable or uncontrol­

lable. This gives

( 4 . 5 4 )

—s i  4 -  A i 2 , H ^ ,^ { s l  -  A ) H 2 i , H i 2 , B i

T ÿ i u i ( ^ )  — 0 { - s i  - 1 - A 21 . ) ^

0

Now sub trac t ( ^ 12. 77^ ^  tim es row 2 from  row 1 to  ob ta in  th e  resu lt.

To prove (iii) it  suffices to  note th a t the  lim it exists by  Lem m a 3.4 and  to  com pute

th e  cost directly  from  (4.33). T he reader is referred to  A ppendix B for th e  details.

F inally  for (iv) note th a t  th e  existence of the  lim it in  (4.^1) is guaran teed  by 

Lem m a 4.2. T he rest follows from  th e  fact th a t

( 4 . 5 5 )

where G{s) is the  block transfer function w ith  state-space rep resen ta tion  (4.1). The 

details are worked out in  A ppendix C.

□
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Comment:  O bserve th a t,  as expected, th e  ja;-axis zeros are cancelled in th e  transfer

function Ty^^i ? hence, the lim iting feedback control law is not in ternally  stabilizing

when there  are (finite) jw -axis zeros.

Comment:  (i) T he s tru c tu re  in (4.32) au tom atically  com pensates for ran k  deficien­

cies in 7 )21(0 ) and  7 )12(0 ). Under the  app ropria te  conditions, (4.32) therefore incor­

porates th e  usual m inim al order observer a n d /o r dual observer s tructu res [17, 41]. 

This issue will shortly  be discussed in m ore detail.

(ii) Since rank (X^A'12) <  n  it follows th a t the  com pensator F {s)  m aybe 

im proper; since th e  rank  deficiency in X21, X12 is due solely to  th e  existence of infinite 

zeros in C 1 2 -, C 2 1  th is confirms the  fact th a t F (s )  can only be  im proper if D 1 2  a n d /o r  

D 2 1  are colum n ran k  deficient (see exam ple in Section 4.4). The com pensator order 

5 satisfies

8 < m in{rank [X 2 1 , %2ioo], rank  [X 1 2 , %i2oo]} <  ^

We com plete th is section by showing th a t  (4.32) em bodies a m inim al order ob­

server s tru c tu re  [31, 41] under the  following conditions [17]:

A 4 ,4  7 )21(0 ) =  0.

A 4 ,5  7) 12(0 ) is injective.

A 4 .6  C 2 B 1  is surjective.

We s ta te  the result as a corollary to  Theorem  4.1.
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C o ro l la ry  4 .2  Suppose that assumptions A4-4~4-9 hold. Then the limiting con­

troller exists and has {n — m 2 )-th order state-space realization

F { s ) A
- a I  +  X ' A ^ ( I  -  X24_(C 2X4 _ )- 'C 2 )X 2 i.

X u ( /  -  X ^ ,(C 2 X ^ ,) - :C 2 )X 2 i . - K^^Xé r SCi Xt r . ) - ' ^
( 4 . 5 6 )

where the columns o f  fo rm  a basis fo r  Im. X 21, and

^ 21,

Afc

K i 2

A — B 2K 12 

-U i2 X l f

( 4 . 5 7 )

( 4 . 5 8 )

( 4 . 5 9 )

Proof: A ssum ption A6 implies th a t  all the  infinite zeros of C 2 { s l  — A )  ^B i -\- 

7 )21(0 ) are of order 1. By th e  usual recursions, we see th a t Mq^^{s) has m 2  chains at

0
infinity  of length  2; in  fact the columns of the m atrix

Im.2 9
form  a m inim al

basis for th e  infinite frequency eigenspace of M q^̂ (̂ s ). Since Wi2(0, 5 )  has an 72- 

dim ensional stable eigenspace we ob tain  from Theorem  4.1

F{s)  =

— U\2

( 4 . 6 0 )

If X 12. is of rank  n  then  there  exists an n x n  m atrix  T  such th a t [X21, J  =  X 12.T ,

where X ^^ E Im  X ^^ =  Im  ■‘■X21, . M ultiply th e  first colum n of (4.60) by

T  and  p artition  to  get

( 4 . 6 1 )

+  4 4 ^ 21 .  +  £ [ ? i .C 2 X 2 i .

C 2X 2 1 .

X ' ï i A X é i .  + U L .

1-1712

7T i2% 21. 0
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S ub trac t Ufi x row 2 from  row 1 to  get

C 2 X 2 I. C z X A . lm.2 ( 4 . 6 2 )

X 1 2 X 2 I, 0

Now no te  first of all, th a t X 21, is of colum n dim ension n  — m 2 . M oreover, by 

Lem m a 3.8, th e  existence of a solution => [X21, is nonsingular C 2 Xf^^ is 

also a non singular m atrix . Thus (4.60) has an {n — m 2)-th  order non-stric tly  proper 

; sta te-space realization (4.56). O

C om m ent: By a sim ilar a rg u m en t, it can be shown th a t P (^ )  has a reduced order 

dual-observer s tru c tu re  [41] for 7)21 (0) surjective, 7 )12(6 ) colum n rank  deficient and 

C 1 B 2  injective.

C om m ent: T he assum ption on 7 )12(0 ) is simplified for ease of exposition; how­

ever, th e  above argum ents follow th rough  when 7 )12(6 ) does not satisfy A4 bu t is 

row rank  deficient.
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4.4 Computational Aspects and an Example

W e will now discuss the issue of th e  com putation  of the  subspaces described in 

Theorem s 3.1, 4.1. T he finite subspaces of W i2(e ,5 ) m ay, of course, be

determ ined by application of th e  QZ algorithm  [10]. Van D ooren [11] , however, 

has po in ted  out th a t th is approach m ay be rendered num erically unreliable by the 

infinite frequency stru c tu re  of these pencils. O ur com putational procedures are 

therefore based on th e  “pencil algorithm s” discussed in [11].

A lg o r i th m  1; F in i te  s u b s p a c e  c a lc u la t io n  

I n p u t :  S ta te  space param eters of G{s) =
—s i  4- A B

C D

- s I ^ A  0 B

S te p  1 Form the pencil W { s )  — -C '^ C  - s i  - - C ^ D

D'^C D'^D

S te p  2 Use the dual fo rm  o f A lgorithm  3.6 [11] to obtain un itary m atrices S \ ,  T\ 

such that

SiW{s)T^ =
- sE qo 4- A qo 0

* —sEf  4" Af
(4.63)

where the (2 , 2 )  block is regular and contains the fin ite  frequency structure o f W ( s ) .

S te p  3 Using the QZ algorithm or block Schur procedures [6 ]  determ ine unitary  

m atrices S 2 , Tg such that

S 2 {—sEf  4- Af)T 2  —
-sE.  +  A. 0

(4.64)
- s E — 4" -4_

where the (2,2) block contains all the L H P  zeros o f  —s E f  +  A f  and hence TV(s).
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step 4 Let S =

1

I 0
e  r p  _  r p

I 0
J. —  J-1

0 5 2 0 T 2
•- *■

5 i i 5 x 2
W ( a )

T i l T i 2 * 0

5 2 1 5 2 2 T 21 T 22 * — s E ^  -f- A —

. Then, with the obvious partitioning,

(4.65)

where the (2,2) on the right hand side again contains all the LH P  zeros o f W { s ) .

T i2
The required basis vectors are then the columns o f

'  T2 2

I O u tp u t:

W{s) .

Ti2

T2 2

whose columns form  a m inim al basis for the  stable eigenspace of

A lg o r i th m  2 :In f in ite  f r e q u e n c y  s u b s p a c e  

I n p u t :  S ta te  space param eters of G{s) = M { s )  where M { s )
—s i  +  A B

C D

S te p  1 Use algorithm 4 . I  o f [11] to obtain un itary  m atrices S , T  such that (parti­

tioning S , T  accordingly)

I »> T̂  1 Ti * 0
(4.66)

5 i i 5 i 2
M { s )

T i l T i 2 * 0

5 2 1 5 2 2 T 21 T 22 * —sEoo  4 "  A<x)

where the (2,2) block contains the infinite frequency structure o f M ( s ) .

S te p  2 The columns o f Eoo =
Ti2

T2 2

fo rm  a m in im al basis fo r  the required

eigenspace. Apply the SV D  [10] to obtain an orthogonal m atrix Vi which spans the

Ti2
right null-space o f C  D

22
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Then the columns o f 3 ^  — 

eigenspace o f M{s ) .

T i2

T22

Vi fo rm  a m in im al basis fo r  the lower infinite

S te p  3 Again use the S V D  to determ ine a unitary m atrix V2  whose columns form

Ti2
a m in im al basis fo r  Ker ■’■T12. Then the columns o f the m atrix

■ 22
; a m in im al basis fo r  the upper infinite frequency eigensubspace o f  M \ s f

V2  fo rm

O u tp u t;
Ti2

T22

C om m ent: Justification  for Steps 2 and  3 above follows directly from  Lem m a 2.8. 

T he theory  developed above will now be applied to

( \  Xx

X2  

\  /

-6  1 0  

0 - a  1

0 0 0

/  \ ■

X x 0 0 0 0

X 2 0 1 0 U x  + 0

\  )
1 0  0 1

U2 (4.67)

2/1 =
0 0 1 

0 0 0

2/2 0 0 j

/  \Xi

X2

\  Zs y

/  \Xi

X2

V /

+ «2 (4.68)

[ 0  0 e_ Ui (4.69)

w here a >  0, 6 >  0 and Ui =

( \
o>i

W2

V /

is un it in tensity  w hite noise.
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Form ing th e  appropria te  pencils we find th a t PFi2(0, s) has LH P zeros a t 5 =  

1, —6, —a w ith

- 1  1 1 0 0 0

X l 3 .  = 1 — 6  0  b — a , ^ 1 2 ,  = 0 0 0

( a - l ) ( l - 6 )  0  0 ( a - l ) ( l - 6 ) 0 0

and Ui2 , = [(1 —a)(l —fc) 0 0]. Also TF2i(0j has only one LH P eigenvalue (a t s =  —1). 

The required m atrices here are

a  — 1 0

A ' 2 1 ,  = 1 , ^ 2 1 .  = 0 , U 2 1 , — [ ( 1  — a ) ( l  — 6 ) ]

- 1 - 1

for th e  infinite frequency eigenspace

0 1 

= 0 0  

0 0

S ubstitu tion  in  (4.32) yields

» = 1 0

n s )  =

( 5  4 "  l ) ( 2 ( c t  4 "  6 )  — <26 — 3 ) ( s 4 - 6 ) ( 1 — a )  ( g  4 -  a ) ( l  — 6 ) 0

- 1 1 1 1

5 4 - 1 — ( s  4 "  6 )  — ( 5  4 "  c t) 0

( a - l ) ( l - 6 ) 0  0 0

( 4 . 7 0 )

which is well posed for w ith  corresponding transfer function

( 5  4 -  a ) ( s  4 -  b)
F { s )  = s 4“ 2

( 4 . 7 1 )

T here is a nice in terp re ta tion  of th e  s tru c tu re  derived. N ote first th a t  th e  system  

in question has th e  cascade struc tu re  shown in Fig 4.1a; for e =  0 th e  o u tp u t is
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a+fra+g
U2

(a)

fis
U2

Ct?2

(b)

Figure 4.1: Block D iagram s for LQ G Exam ple

noise free and  can therefore be (theoretically) differentiated via th e  transfer function
I  \

(6 -f <z)(6 4- 6) to ob ta in  th e  precise value oi y  = . Since th e  noise intensities

i  for th e  rem aining subsystem  (see Fig 4.1b) are nonsingular we can now consider 

th e  reduced (regular) LQG problem  of determ ining U2 {t) to  m inim ize E(a?| +  u \).  

T he dynam ic constrain t equations are =  Ug 4- Wi, w ith  m easured  variable y. 

T he stabilizing solution to  th is problem  is F{s)  =  — 7 ^ *  Now note th a t  F{s)  = 

F(^s)(^s +  (%)(6 +  6), im plying th a t  th e  procedure generated  by  Theorem s 3.1, 4.1 

au tom atically  assumes th is p articu la r cancellation s tructu re .

Finally, observe th a t while th e  transfer function (4.71) exists Va, 6, th e  system  

m atrix  (4.70) is not i /o  well-defined for a = h = \ .  In th is case th e  problem  arises 

due to  the  fact th a t IF i2(0 ,.s) assumes a th ird  order pole a t 3 =  —1; recalculation of 

the  app ropria te  eigenspace for these param eter values yields, as expected , F{^s) =

s+2 *
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4.5 Summary and Conclusion

In  this chap ter we have studied a general form  of th e  cheap LQG problem . T he 

m ain  result is s ta ted  in  Theorem  4.1 which describes th e  system  m atrices for the  

lim iting controller, closed loop transfer function, &nd th e  associated cost.

In  p articu la r, it has been shown th a t the  lim iting controller system  m atrix  is as given 

in (4.32) and  th a t  th e  lim iting controller exists if th is system  m atrix  is weU-posed.

Theorem  4.1 also shows th a t despite th e  fact th a t  th e  lim iting controller m ay 

not exist, th e  lim iting closed loop system  always exist and has transfer function 

represen ta tion  (4.33). T he lim iting controller always exists when th e  zeros are 

finite; it m ay also exist when th e  infinite zeros are of order a t m ost 1. In th e  la tte r  

case, the  controller has a reduced order realization, th e  reduction being equal to  

th e  num ber of infinite zeros. This is in  agreem ent w ith  already existing results 

[41]. However, it is im p o rtan t to  note th a t th e  impHed design procedure is m ore 

straightforw ard  th an  th a t used in practice  in  th a t it makes no d istinction  betw een 

observer and  dual-observer s tructu res of any order. This suggests th e  possibility  of 

obtain ing  realizable solutions to  the  problem  when, say, bo th  D ^ 2  &nd Ü 2 \ are rank 

deficient. M oreover, the  descriptor fram ew ork used allows for th e  determ ination  of 

im proper as well as proper solutions.

We have also considered the effect of ^w-axis zeros in this work, despite  th e  fact 

th a t  previous results indicate  th a t the  op tim al solution would inco rpo ra te  ^w-axis 

poles to  cancel th e  offending zeros. However, although such solutions are not of
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any im m ediate p ractica l significance, they  do provide a su itab le s ta rtin g  point for 

suboptim al strategies em ploying techniques [14] w ith m ore desirable frequency 

dom ain properties.
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Chapter 5

The Cheap H ° °  Problem

5.1 Introduction

In  th e  previous chap ter, we analyzed the  solution to  th e  cheap LQG problem . In

w hat follows, we continue in the  sam e vein by studying  the  equivalent problem .

^ ii(s )  Gi2 {s)
Again we consider th e  p lan t G(a) 

m a trix  rep resen ta tion  (RSM ) [45]
^2i(s) G^ii(s)

w ith  Rosenbrock system

—s i  +  A B i B 2

C l D l l D i 2

C g D 2 1 D 2 2

( 5 . 1 )

w here A  G B i G Q  G i G 2 It is assum ed th a t  {Gg, A} is

detectab le , {A, Hg} is stabilizable, >  m 2 and  m i >  rg. In th e  usual control 

setting , G{s)  is composed of a p lan t augm ented w ith a set of prescribed weighting 

functions (see, for exam ple. Fig. 1.1).

^ W e  d e f i n e  n  : =  { 1 ,  2 , . . . ,  n }
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The o p t im a l  H°°  control problem  requires th a t  we determ ine a controller K {s )  

which stabilizes (5.1) and  minimizes where

:^ n u iW := :^ ( G ( 4 ,Æ ( 3 ) )  (5.2)

and Fi{^G{s)^ Ki^s)^ denotes the  lower linear fractional transfo rm ation  of (^(3 ) and

K(s),

r,{G{s),  ir ( 3 )) := Gii(«) +  (?i2ür(/ -  g ^2K)-^G2^{s). (5.3)

Tyiui is th e  closed loop transfer function from U\ to  y\ (see Fig. 5.1).

For the  m ost p a rt we will be in terested  in th e  suboptim al case where it is required 

to  find a controller Ki^s) which stabilizes (^(3 ) and which, for specified 7  >  0 , results
i
4 .
I

ll^iuilloo <  7- (5.4)

We assum e, w ithout loss of generality, th a t 7  =  1 . If th is  is not th e  case, the  required 

solution m ay be  determ ined by appropriately  scaling th e  problem .

In th e  lite ra tu re , it is often assum ed th a t (^12(5 ) and ^ 21(5 ) have no zeros. 

If  th is assum ption does no t hold, then  no stabilizing solutions to  the underlying 

R iccati equations exist; in fact, if there  are any infinite zeros, the equation itself 

is not well-defined. In view of th is, and  in keeping w ith  our definition in C hap ter 

1 , we say th a t  the  problem  is singular if (712(5 ) a n d /o r  (^21(3 ) have zeros on 

O therwise, the problem  will be said to  be regular. I t  is to  be noted th a t the  

regu larity  condition is overly restrictive since it elim inates a large variety  of very
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I p ractica l system s from  th e  scope of th e  H°° theory; th e  problem  for p lan ts w ith
!
I in teg ra to r action, for exam ple [47] is a singular problem .
1

Various techniques exist for solving the  regular sub op tim al problem  (see, for 

exam ple, [14, 36, 50]) when certain  detect ab ility /stab ilizab ility  assum ptions are sa t­

isfied. It has been shown [14, 36] th a t  th e  controller K{^s) m ay be param eterized 

by a fixed central controller iifo(<s) and  an a rb itra ry  stab le  con traction  Q (a) (again 

see Fig. 5.1). No direct solution has as yet been obtained  for th e  op tim al H°° con­

tro l problem , the  la tte r  being solved by ite ra tio n  on th e  bound  7  in  th e  suboptim al 

problem .

Controller K { s)

Q(s)

P lan t (j(^ )

! F igure 5.1: Setup for th e  S tandard  P roblem
I

I In  w hat follows, we approach th e  singular H°°  problem  ju s t as we tackled the
I '
I LQ G problem  in C hapter 4, i. e. by pertu rb ing  it in to  a regular one by m eans of

I
I  a scalar param eter e >  0. Unlike previously published resu lts, however (see [67],' 

for exam ple), we consider th e  m ore general case of m easurem ent feedback (5.1).' 

M ore im portan tly , we also solve th e  problem  of determ ining th e  lim iting form of
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th e  required, controller as e —> 0. We call th is new problem  a cheap problem  in 

keeping w ith  the  equivalent LQ problem .

T he analysis herein hinges on th e  represen ta tion  of th e  tw o R iccati equations as 

generalized eigenvalue problem s. A prelim inary step in th is  d irection was m ade in 

[48, 19] w here th e  R iccati equations are replaced by the app ropria te  s tan d a rd  eigen­

value problem s. T he role of th e  generalized eigenvalue problem s follows directly  

from  th e  gam e-theoretic approach taken  in [36], for exam ple and , as we shall see, 

from  th e  s tan d a rd  eigenvalue problem  approach in [35] as well. One advantage of 

th e  generahzed eigen-problem  form ulation, is th a t it  does no t require any  precom ­

pensation  to  give th e  p lan t Ü 21 &nd D 1 2  m atrices the  orthogonal s tru c tu re  necessary 

for th e  application of the  procedures discussed in [14, 49, 35]. Hence it is expected 

th a t  th e  p ertin en t com putations can be reliably perform ed even when th e  matrices] 

Z)i2 and D 2 1  are “nearly  rank deficient” .

Due to th e  com plexity of th e  pertinen t equations it is still assum ed, w ithout loss 

of generality, th a t
I

I A 5 .1  =  0, and

A 5 .2  D 2 2  — 0.

As noted  previously Safonov et ah [49] and Lim ebeer et ah [35] discuss how these 

restrictions m ay be easily overcome using loop-shifting procedures.
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5.2 A New Setting for the Regular Problem

In th is section we reform ulate the  solution to  th e  regular problem  in  term s 

of two generalized eigenproblem s. This approach differs som ew hat from  th a t of 

[14, 19, 35] and allows for a com pact description of th e  solution when D 1 2  and D 2 1  

are no t p a rts  of orthogonal m atrices, as required in these works. In particu la r, th e  

procedure elim inates th e  relevant loop shifting steps in [50] and, m ore im portan tly , 

sets the  foundation  upon which th e  analyses perform ed in la te r  sections of th is work 

are based.

We first consider th e  case where th e  states are available for m easurem ent, i. e. 

C 2  = In &ud H 21 =  0. Define th e  m atrix  pencil

Wiz(a) :=

—s i  - j -  A B2

- C j ’ C i  - s I - A ' ^  - C 1 Dx2 ( 5 . 5 )

L e m m a  5.1 A ssum e that C 2 = I  cind D 1 2  =  0 . Let the columns 0/ H 12 =

X 1 2

$12

U-12

fo rm  a basis fo r  the stable eigenspace o / lT i2(^)- Then there exists a controller which 

stabilizes G{s) and makes ||Tyjt^J|oo < ^ i f f  

j (  i) rank  X \ 2  = n.

: >  0 .



I f  these conditions hold, then one possible solution is the state feedback u  =  K x  

where

K  = (5.6)

Proof: F irst apply th e  in p u t transform ation

U2  =  {D f2 D l 2 )~^U2  

and consider th e  resulting system  described by

(5.7)

where

—s l  -f- A Bi È 2

G{s) = Cl

In

0 D \ 2  

0 0

(5.8)

È 2 =  P 2(I>12'P l 2)"^ (5.9)

D \ 2 =  2 ) 12(7 ) ^ 7)12)-^ (5.10)

Now note th a t  D 1 2  is p a rt of an  orthogonal m atrix  and apply  th e  loop-shifting 

transform ations of [50] to  show th a t the  pertinen t R iccati equation  is 

{A -  +  P{A -  B2% C i)  + -  B f  B 2 )P

It is known th a t (5.11) has a positive semidefinite stabiHzing solution, P ,  iff [50]

( i) th e  m atrix

( 5 . 1 1 )

^ ( 0 0 ) -

B iB f -  B2 B f

- C f  { I  -  D^2 D f2 )Ci  - { A  -  B 2 D f 2 C i f

( 5 . 1 2
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A  -  B i B f  -  B f { D f 2 D ^ 2 ) - ^ B 2

- C f ( 7  -  B i 2 p î ’2 l ^ i 2 ) - ' P Î ’2 ) C i  - { A  -  B 2 { D f 2 D r 2 ) - ^ D f 2 C ^ Y

has an n-dim ensional stable eigenspace and ,

. ( 5 . 1 3 )

(ii) T he stab le  eigenspace of is spanned by  th e  2n x  n  p a rtitio n ed  m atrix

X

$
w here X  is nonsingular.

he solution to  (5.11) is th en  given by P  =  Now let A be an n  x  n  stric tly

H urw itz m a trix  satisfying

_H-(oo) X

$

X

$

th en  it is easily verified by direct su b stitu tio n  th a t

X

$

u

X

$

0

( - s J  +  A )

where

i. e. th e  m atrix

X

$

U

spans th e  stab le eigenspace of W i2«,(^).

The stabilizing feedback for G(.s) is

Â - = - ( % C i+ B ^ P )

( 5 . 1 4 )

( 5 . 1 5

( 5 . 1 6

( 5 . 1 7 )

th e  ac tual feedback is

K  =  +  B f P )  = U X - 1

T he proof is com pleted by le tting  X 12 =  X , $ 1 2  =  $ ,  P 12 =  U.

(5.18)

□
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Com m ent: T he  proof of th e  foregoing lem m a also follows from  th e  linear quad ra tic  

differential gam e (LQ D G ) approach taken  in [36, 38]. T he objective there  is to  

determ ine

J ^ o o

(2/1 2/1 — ^1  wi) d t}  (5.19)
0

The application of the  Euler-Lagrange equations leads to  the  following result which 

describes the  role of the  pencil TEi2(-s) in the  H°° problem :

L e m m a  5.2 The following hold fo r  the LQ D G  (5.19). Consider the homogeneous^ 

system
( x(â) x (0 )

=  — <A(0 ) (5.20)

tt(^) ^ < " /\
(  i) For u i free, the optim al inputs in the L Q D G  (5.19) are given by

u \{s) = B^<t>(s) (5.21)

« ;(s )  =  K x { s )  (5.22)'i
where K  is given in (5.18) and  æ(a), <f>{ŝ  determ ined fro m  the solution o f  (5.20)\ 

For any U \ ( t \  U2 (t)  the corresponding cost is given by

J (w i, ^ 2 , %(0)) =  X (0)^Px(0) -f ||u  -  *̂112 -  11̂ 1 -  u \\\l.. * | | 2 (5.23)

I , Thus, fo r  %(0) =  0, J (u \ ,U 2 ) = 0 a n d u i =  wj m ay be considered as the worst case 

disturbance input.

8 8



(a )  [Stability] For u \ = u \  and given any %(0) 6  the corresponding optim al 

state trajectory is given by in (5.20) i f  there exists a suitable value o f (f>{0)

which results in  lim  4>(t) = 0. For stability, we also require that lim  x{t)  =  0; this
t —>oo t —>oo

/  \
%(a)

is possible ^  rank  %  =  n , in  which case the trajectory o f always lies in

the stable eigensubspace o f  Wx2 {s).

(Hi) For £c(0) =  0 and \f Ç: C 2  the corresponding output z  is also in  C 2  and

J{u x , u \ ^  <  0=> ||^î/iwilloo — Furtherm ore, A  -f B K  is stric tly  H urw itz  Pyiui G

n n ^ .

W 2 i(s) := ( 5 . 2 4 )

Now define
- s i  +  C f C i

- B i B f  - s i - A  

D2 i B f  C2

T he following lem m a states th e  result for the  H°° problem  w ith  m easurem ent 

feedback:

L e m m a  5 .3  There exists a com pensa toru(s) = K ( s ) y { s )  which stabilizes G{s) and

X \ 2

m akes  ||Tyiui||oo <  1 i f f  there exist m atrices'E 1 2  '= ■ 1 2 6  ^ 2 1  : =

X 2 1

^21

U2 1

^ 12(4 '6  whose columns fo rm  bases fo r  the respective stable eigenspace o f

and W 2 i{s),  i. e.

T ^ 1 2 ( 5 ) S i 2  =  H i 2 ( - 3 /  +  A 1 2 )  ( 5 . 2 5 ) ,

and

^ ^ 2 i ( ' s ) ' : ^ 2 i  —  ‘̂ 2 i ( — +  A 2 1 )  ( 5 . 2 6 )

8 9 '



where A12 and  A21 are strictly  H urwitz matrices, and the following conditions hold:

(i) rank  X 12 =  rank  X 21 =  n .

(ii)  >  0 , > 0 .

( in )  $ 12X ^ 4  <  1 .

Furtherm ore, i f  these conditions hold, all such com pensators m ay be param eterized  

by K ( s )  = lFi (F(s) ,Q(s ) )  where

—s E u  4 -  Au Bu ,  Bu ,

F { s )  =  M f {s ) : = - C k , 0  D u ,

D u ,  0

( 5 . 2 7 )

Ek =

Bk, =

Ck, = — U\2 C'fc2 — ^2-X’i2 +  D 2\Bf #12

Du, =  (Z»î;Z»i2)i Du, =  (Z»2iZ»^)i 

Au  =  E uA i2  +  tJ fiC u , =  A 2 1 EU +  B u,U \2

( 5 . 2 8 )

and

(5.29)Q(^) =  Z>;;'0 ( ^ ) % '

where ||0 (^)l|oo <  1 ; Q(-s) E R H ° ° .

Proof: It suffices to  show th a t the  Lem m a yields th e  resu lt in [19], for exam ple. To 

do th is, first apply the  s ta tic  pre- and post- com pensators (see Fig. 5.2) U2  = Dü^Û 2

and y 2 =  2/2 • T he new p lan t G(s)  =

—s i  - f  A Bi

Cl 0 Di 2
, where D 1 2  and

D 2 1 0
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u

u

w

Controller K { s

F ( s )

Plant P { s )

%12 %21

$12 and $ 2 1

Ù 1 2 # 2 1

Figure 5.2: A pplication o f O rthogonalizing C om pensators to

D 2 1  are parts of orthogonal m atrices. For this system  we form the corresponding  

TFi2 (6 ), W 2 i { s )  along the lines prescribed in (5 .5 , 5.24) and obtain  the matrices

whose columns form bases for the respective stable eigenspaces 

of fF i2 (*s) and fF2 i(*s). B y Lemma 5.1 there exist solutions to th e usual pair o f Riccati

A A A A  ̂ A A y—̂
equations in [35], say, iff X 1 2 , X 2 1  are nonsingular and $ 1 2 ^ ^ 1 2  ^  0, $ 2 1  ^  0-

Hence the controller K { s )  for the com pensated plant m ay be determ ined from [19, 

Theorem  5.2].

X \ 2  X \ 2  X 2 1  X 2 1

The rest

2 Û2 1  dI^U2 \

follows by noting that K ( s )  =  D ^ ^ K ( s ) D ^ ^ . □

C o m m e n t :  If the conditions stated  in Theorem  5.3 hold then the solutions to the

usual regulator and filter R icatti equations are given by

X 12 X \ 2 X 21 X 21

It is easy to  show that $ 1 2 $12 and $ 2 1
=

$ 2 1

^ 1 2 Û 21

- 1
P  =  $12-^12 (5.30)
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Q = (5.31)

respectively.

C om m ent: Following is an a lternative  expression for which will prove useful la te r

on:

Ah =  5 21 U2 (5.32)

A  B 2

C fC i A ^  C fD iz  

C 2  0

C om m ent: N ote th a t Q (s) now need not be a contractive operator, a lthough  it still 

m ust be stable. In  view of th is fact, Q{s)  will be  called an auxiliary compensator. 

W hen Q{s) =  0, the  corresponding com pensator is often referred to , in th e  lite ra tu re , 

as the  cen tral controller. We will denote the  central controller transfer function by 

K q{s ) which is therefore given by

—sEk + Ak Bk.

Ck. 0
( 5 . 3 3 )

5.3 A Regular Embedding for Singular iï°° 

Problems

We now describe w hat is essentially a suboptim al design m ethod for th e  case where 

6 1̂2(5 ) a n d /o r  (?2i(^ ) have zeros. Specifically, we show how to  solve the  singular 

problem  by  determ ining a solution to  a “nearby” regular problem . This therefore 

represents an extension to the  work of [67, 43] in  th a t  we tre a t the  m ore general

9 2



case of m easurem ent feedback. As such, we hasten  to  po in t ou t th a t the  procedure

is self contained and  would, if conditions perm it, generate  a solution to  the  singular

problem  using com pensators of a t m ost n - th  order.

Consider th e  following em bedding of th e  system  (5.1):

w here e >  0  and

— s i  4 - A B i B 2

G ( e ,  5 )  A C l

C 2

0

£>21

£> 12

0

B i ■ =  B x 0

'

( 5 . 3 4 )

C \  : =

D i2

£ > 2 1  :=

Cl

0

D i2

eJr,

E>12

( 5 . 3 5 )

Figure 5.3 gives a d iagram m atic represen tation  of th is em bedding. 

T he new exogenous signals are

Ui =
Ut Vi

Vu

(5.36)

where Ui^ and yi^ are given by  yi^ = eu2  and t/2 

th e  system  (5.34).

C 2 2 ^  +  ^ being th e  s ta te  of
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2/2

Figure 5.3: M odified P lan t G{e^s)

It is readily  seen th a t th e  2-Riccati procedure m ay be directly  applied to  G(^e^s) 

since the  corresponding problem  is now regular. T he relevant R iccati equations are

{ A  -  P e  +  P e { A  -  B2{D'^2D i 2 +  6 2 / ) - l p » f 2 C i )  +

P . ( P l P r  -  B 2 ( D ^ 2 D i 2 +  € 2 / ) - ^ P | ’ ) P e  +  ( I  ~  P > 1 2 ( P > 0  ̂ 2  +  I)~'^ =  0 ( 6 . 3 7 )

(A -  PiZ)^i(£)2iP>21 +  e^I)-'^C2)Qe +  Qe{A  -  PiZ)^i(£)2iP>21 +  € ^ I ) - ^ C 2 f A  

Q e { C [ C i  -  (£> î£>2i +  €^I)-^C2)Q, +  B i { I  -  £> î(£>2iP>i’i +  €^I)-^D21)B^  =  ((5.38)

T he following lem m a gives necessary and  sufficient conditions for the  existence of 

a so lution to  th e  suboptim al problem  for 6 (̂5 ). We denote the  closed loop transfer 

function from  any in p u t u  to any o u tp u t y for the  augm ented p lan t G{e^s)  by 

Tyu{e,s).  T he e argum ent will be dropped when th e  im plied transfer function is 

independent of e.

L e m m a  5 .4  There exists a controller K { s )  which solves the suboptim al problem  

fo r  the p lan t G{^s) i f f  there exists an e* >  0  fo r  which a solution to the suboptim al
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problem fo r  the p lant G{e*,s') exists. Furtherm ore, i f  such an e* exists, it holds that 

a solution to the problem  exists Ve E [0, e*].

Proof: Suppose th a t there  exists a com pensator K( e * , s )  w hich solves th e  sub- 

optim al problem  for (5(e*,s) for some e* >  0. To prove sufficiency, it suffices to  let 

th e  controller for each e E [0, e*] to be given by K { e , s )  = K ( s )  := K(^e*,s).  T hen 

Ve we have

Tj/iui (5 ) e(ri2(3)T22(5)

eT22(3^2i(^)

(5.39)

where

(5.40)

and

(5.41)T 2 2 (s) ~  K ( s ) ( I  -  G 2 2 ( s ) K ( s ) y ^

Since each p a rtitio n  in (5.39) is a s tab le  transfer function a t e =  e* it  follows th a t 

Tÿiüi(e,5 ) E R H ^  Ve and , in  p articu la r, Ve E [0,e*]. By sim ple m a trix  m anipula­

tions, it follows th a t Ve E [0,e*] (e,5)||oo <  ||7^&i(e*, 5)||oo <  1. In  particu lar,

we have th a t E R H °°, ||^ i^ i(^ ) ||c»  (e%5 )||«, <  1.

For necessity, assum e th a t  th e  controller Æo(s) solves th e  problem  for th e  p lan t 

( j(s ) . T hen we have th a t HT̂ îwiHoo =  1 — ! > ^ > 0 .  A pply th e  controller Fro(^)

and  consider th e  closed loop system  for increasing e. Since K o ( s )  in terna lly  stabilizes 

(5 (0 ,5 ) Tyiui, T 2 2 , T 2 2 G 2 i{s)  and G 1 2 T 2 2  are all in R H °°\ m oreover these m atrices
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do no t depend on e =4> E R H °°  V e. Hence we have th a t  k i 2  ’= | |<̂ 12^22 ||oo <  0 0 ,

^21 :=  IIT22G 21II00 <  0 0 , k 2 2  :=  11̂ 22Iloo <  0 0 . M oreover,

I'^ÿiÛ1 (^5
Tyyui (*S) eGi2(5)T22(^)

cT2 2 {s)G 2 i{^s)

—  I l ^ i w i  l | o o  +  ^ ^ 1 2  +  ^ ^ 2 1  4 "  ^ ^ ^ 2 2

Now note th a t  for e* :=  % jr—̂6 m.ax(fei2

Ve E [0,e*].

(5.42)

(5.43)

I < 1

□

Finally, we present the following lem m a which will prove to  be useful la te r  on.

L e m m a  5.5 Suppose that there exists an e* > 0 fo r  which there is a solution to the 

suhoptim al problem. For each e E (0, e*], denote by P^, the respective solutions  

o f the R iccati equations (5.37,5.38). Then it holds that

(  i) Pq := l i m and  Qo :=  lirnQe exist and Pq >  0 , Q q >  0 .

(ii) Amax(Qo-Po) <  1 -

To prove th is lem m a we again utilize the  fact th a t th e  problem  can be

tack led  by solving the  LQ differential gam e problem  [36, 38] (5.19).

Proof: For (5.34) the  cost in (5.19) is

J { u i , U 2 ^e) =  ÿ f ÿ i —ü f â i d t  (5.44)

f 00 poo poo
— /  ViVi  — w ^ui d t +  ê  / U2 U2  d t — / d t (5.45)

t/ 0 V 0 V 0
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The optim izing inpu ts are [36, 38]

« ;( t )  =  B ^ P , x ( t )  (5.46)

u ; ( t)  =  0  (5.47)

u

Let y l ( t )  be th e  o u tp u t corresponding to  Ui(t) = u * f t )  =  0, U2 {t) =

and in itia l condition æ(0). Now let 6i >  62 >  0 and  fix e =  6i in (5.45). Recall also 

th a t for any æ(0) = Xq G the  optim al cost in (5.19) is

e) = Xq PeXQ. (5.49)

where P  is a positive sem idehnite m atrix . It follows from  th e  above th a t

X
rri p o o  m m 2"

oPea^Co <  /  y l ~ u l  dt  (5.50)
.70

<  XqP^^Xq (5.51)

\/xq E 9%̂ . Hence, for any m onotone decreasing sequence >  0, Pe  ̂ is

a m onotone decreasing sequence of non-negative definite (and  therefore bounded) 

m atrices; this im phes th a t  Pq := lim Pe exists and  is also non-negative definite. By 

a sim ilar argum ent, Q q := lim  exists and  is non-negative definite. This proves 

P a r t (i).

P a r t  (ii) follows from the  fact th a t  if th e  hypothesis of th e  Lem m a holds, then  

Axnax(ÇePc) <  1 Vc E (0, €*]=> Xm..{QoPo) < 1 -  □
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5.4 Solution to the Cheap Problem

In  this section we consider the behavior of the  regular problem  (5.34) as e —> 0. 

A lthough the  results of Section 5.3 rely on th e  special form  (5.34), for ease of expo­

sition, we shall sim ply represent the  D \ 2  and P 21 m atrices in (5.34) by Z)i2(e) and 

L 2̂i(ê) respectively. Also, let <Si2(e) be the  stable eigenspace of th e  m atrix  pencil

kFi2(e, s) :=

- s I  +  A B i B f B 2

- s i  - - C f D ^ 2 ( 5 . 5 2 )

DT2 C 1 % D l2

—s i  4 -  A B i B f B 2

~ - s i  -  A'^ - C f D ^ 2 ( 5 . 5 3 )

B Ï - D Î 2 P 12  +  J r j

( 5 . 5 4 )

Define also

: =
—s i  4- A B 2

Cl D\2
( 5 . 5 5 )

We now have the  following theorem  which characterizes th e  solution to  the  cheap 

H°° problem:

T h e o re m  5.1 A ssum e that C 2  =  In J&12 =  0 in (5.34) that there is an 

e* >  0 fo r  which there exists a solution to the H°° problem  fo r  (5(e, 5 ). Let the

colum ns o f

^ 1 2 ,

$12, fo rm  a basis fo r  the stable eigenspace o f W \ 2 {_̂ )- Let

P1 2 .
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ht a m atrix whose columns fo rm s a basis fo r  the sum  o f the fin ite  zero eigenspace 

and the the lower infinite frequency eigensubspace o f  Then

Iim 5i2(e) =  5i2(0) U Im

y(f)^12o*

u.(!)12oe

(5.56)

Proof: N ote first of all th a t  since a solution to  the  problem  for (5(e, 5 ) exists 

for some e =  e*, then  by Lemm as 5.5 and 5.1 W i2(e,5) has an n-dim ensional stable 

eigenspace on [e*,0). T he proof then  follows th e  same argum ent presented  in the 

proof of Theorem  3.1. T he following deviations should be noted:

(1) As in th e  previous section the  cost index used here is th a t  which p erta in s  to  

th e  LQ differential gam e (5.19).

(2) As in  [36] th e  “worst case” u-i is given by u \ = P\<!> w here <j> is ob tained
(

from  th e  solution to  lT i2(0 , 5 )

V

œ ( 5 ) œ ( 0 )

<}){s) = < 6 ( 0 )

w ( « )  ^

. N ote th a t  by Lem m a 3.2 u \

is identically  zero on the  lim iting infinite eigensubspace. M oreover, using a sim ilar 

argum ent to  th a t  given in th e  proof to  Theorem  3.1, it  can be shown th a t ,  for 

any o ther subspace spanned by infinite eigenvectors of higher grade, there exist 

in itia l conditions for which J  = 0 0 . T he p ertin en t tra jec to ries lie in th e  subspace 

spanned by the  infinite eigenvectors of lT i2(0 , s) re lated  to  th e  highest g rade infinite 

eigenvectors of El
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L e m m a  5 .6  Le^<Si2(0) =  Im

-X’12,

$12. and let
jpiu)

U1 2 , . .

he a matrix whose columns

fo rm  a basis fo r  the sum  o f the finite eigenspace and the upper infinite frequency

eigensubspace o f  X  = . Then

(i) Im  X  is the space o f  initial conditions xq fo r  which the cost (5.19) is finite.

(ii) rank  X  < n  no solution to the H°° problem fo r  G{s) exists.

Proof: Follows th e  same argum ents as for th e  p roof to  Lem m a 3.8. N ote th a t in 

th is case th e  nonsingularity  of X  is no t enough to  guaran tee  th a t  a solution to  the  

problem  exists. □

T h e o re m  5 .2  Let

X 1 2 .

$12. }

P1 2 .

and X  be as defined in L em m a 5.6. Assum e

that rank  X  = n, and that there exists an  c* >  0 fo r  which there is a solution to 

the H°° problem fo r  (5(e*,.s). Then the limiting solution Pq to the Riccati equation 

(5.37) is the positive semidefinite matrix

P o  =  ^ 1 2 .  H L . (5.57)

where

HT2 .
( 5 . 5 8 )

1 0 0



Proof: T he proof is a slight m odification of the  proof to  Theorem  3.2. F irst note 

th a t  by  Lem m a 5.6, th e  existence of a solution to  th e  H°° problem  implies th a t V 

Xq G vectors u, Voe such th a t

X o  =  X 1 2 . V X ^ ' ^ ^ o e  (5.59)

M oreover, th e  resulting  cost is equivalent to  th a t  ob tained  for Xq = X i 2 ^v since th e

cost perta in ing  to  th e  eigenspace of W i2(0,5) is zero. In  th e  tim e dom ain the
(  \x { i )

optim al s ta te  and control tra jec to ries  corresponding to  xq is given by
U2{i)

X \ 2 ,

Ui2,
eAi3,t.y for ( >  0, where Ai2  ̂ is stric tly  H urw itz and  satisfies

A B 2 A’1 2 ,

- C f C r  - C f D i 2 $12. = $12 . A i 2. (5.60)

C1 2 , 0

T he optim al cost is thus given by  (Lem m a 5.2)

J{xo) =
/  \

f  00 X

V

= « ? ( /Jo

Now from (5.60) it can be  shown th a t

- - ( \
c CP'D X

— u f
D'^C D'^D ^  ^ 2 /

r T r -] r  1

X C'^C CP'D X

u D'^C D'^D u

A"i2.
T

C ' ^ C C ' ^ D X x 2 ,

C12. D ' ^ C D ' ^ D C12.

(5.62)

1 0 1



Hence we have th a t 

J{xq) =
/* oo

=  - v ^ i f  A i 2 ,  -I-
Jo

( 5 . 6 3 )

th e  last equality  following from  th e  fact th a t Ai2. is H urw itz. Since %12. X i f

is nonsingular 3 a m atrix H i 2s Hoe

BÎ2,
X 1 2 . x<:>

H i

such th a t

= Ir ( 5 . 6 4 )

Left m ultip ly  (5.59) by to  ob ta in

V  — ( 5 . 6 5 )

( 5 . 6 6 )

and  su b stitu te  in (5.63) to  get

*f(*®o) — -®̂12, Â 12. $12, g l̂2, ®0

Now we no te  th a t  from  Lem m a 3.3 th a t  — 0 H oeX ^^^ i 2  ̂ =  0 =>

( H 1 2 . X ? ; .  - I ) $  =  0  ( 5 . 6 7 )

th e  last relationship following from  (5.64). Rew rite (5.67) as =  $  and

su b stitu te  in (5.66) to  give

J  =

—  XqP^Xo ( 5 . 6 8 )
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Since J (u \ ,U 2 , æ(0)) >  0 for all e it follows th a t  P* is indeed a m a trix  of a positive 

sem i-definite form. To show th a t it is also sym m etric define N  := —

^ 12s ^ 12« and pre-m ultip ly  b o th  sides of (5.60) by 0 fo ob ta in

N A  =  -H ( $ Î ’2 . A X i 2 . ) ^  ( 5  6 9 )

Since th e  RHS of (5.69) is sym m etric and  N  is skew sym m etric, it follows th a t

i - A f ^ J N  -  NA^2 ,  = 0  (5.70)

Since is H urw itz, and  the  eigenvalues of —A^^ and A12, are disjoint => by

Lem m a 1.5 [31] th a t th e  unique solution to  th e  above is AT =  0 => % i2, =

□

Before proceeding to  the  m ain result of th is section, let us define th e  system  

m atrix

AfogXa) :=
cT

BT DTi

(5.71)

Let
% (!) "̂ 12oo and

v ( 0'^21«,

. .

be m atrices whose colum ns form  bases for th e  lower infi­

n ite  zero eigensubspaces of and M g 2 i{^)  respectively; similarly, let
U-

(̂u)
' 12  00
{■u)
12=0

and
X {u)

21«. be m atrices whose columns form  bases for the up p er infinite zero

eigensubspaces of th e  respective pencils M g^ 2 (.^  ̂ and  (a).
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In addition , it wiU be assum ed th a t th e  columns of
Xi2j- X2l^

and
Ul2j U2 IJ

form

bases for th e  finite eigenspaces of and («s) respectively, correspond­

ing to  the  eigenvalues of th e  m atrices and A2i_̂ i. e.

and

X 1 2 , X l 2j

U l 2 j 0

X 2 I , X 2 1 ,

U 2 I 3 0

( —■sf + Ai 2j ) ( 5 . 7 2 )

{ —s i  4 -  A 21 ,  ) (5.73)

To set up  th e  app rop ria te  eigenproblem s, we define as before and

W2i(e, g) :=

- s i  4 -  

D2iBf

B iB f  

- s i  — A  

C2 D 2 1 D2 I +  €̂ Irri2

(5.74)

X 12. X 21.

Now let th e  columns of $12, and $21, form bases for th e  s tab le  subspaces of

U1 2 , U2 I.
14 1̂2(6 , 5 ) and Lp2i ( 0 , s) respectively, corresponding to  th e  eigenvalues of th e  m atrices 

A i2. and  A21, i. e.

and

%12. %12.

1̂ 12(0 , 5) $12. — $12.

U1 2 . 0

X2I, :^2i.

1^21(0 , 5) $21. = $ 21.

P2 I. 0

{—s i  4- A12,) (5.75)

{—s i  4- A21,) (5.76)
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Finally  define

Xi2 X 1 2 . X\2j ^12oo

Si2 $12 $12. 0 0 (6.77)

U\2 C1 2 . Pl2j

X 21 X 2 1 , X 2 IJ

521 • = $21 $21. 0 0 (5.78)

U21 C2 I. U2\j

and  no te  th a t  for all e >  0 th e  central controller Ko(e^s) has system  m atrix  repre­

sen ta tion

Afifo(e, s) =

—s i  4“ A B i S f B i

S i’i(6) C f C i s i  +  À^ D i2{s) 512(6)

C2 Ô 2 i( € ) s r 0

- U 12U) 0

(5.79)

% l l ( 6 ) Xi2(e)

w here th e  colum ns of 2 1 2 (e) := A2i(e) and 2 2 1 (e) := Ai2(e)

t72l(c) [712(e)

form  hases for

the  respective stab le  eigenspaces of W 2 i{€.,s) and  W i 2 {€,s), i. e.

and

{ — s i  + Ai2(e))

X i 2 ( e ) X i 2 ( e )

1 + 1 2 ( 6 ,  e ) $ 1 2 ( 6 ) = « 1 2 ( e )

£7i 2 ( 6 ) 0

A T 2 i ( e ) % 2 i ( e )

1 + 2 1  ( e , e ) ^ 2 i ( e )
=

« 2 1 ( e )

[ 72i ( 6) 0

(5.80)

{ — s i  +  A 2 l ( e ) ) (5.81)
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where A i 2 (e) and A2i(e) are asym ptotically  stab le  m atrices Ve >  0.

T he lim iting form  of th e  required com pensator is given by th e  following

T h e o re m  5 .3  Suppose that 3e =  e* >  0 fo r  which a solution to the H°° problem  

fo r  ( 5 . 3 4 )  exists.

Then, for  e 0 the following hold:

(  i) The limiting value o f  the controller system  m atrix  is given by

Mko{s) :=

—s i  4 -  A B 2

•=:T
—21 c f c ^ sI A A ' ^ C f D i 2 S 12

C 2 D 2 i B f 0

— U\2 0

( 5 . 8 2 )

(ii) The limiting closed loop transfer function, Ty^u^^s^), is asymptotically stable 

with  I I  ^  1  eind is given by

Ty,uA^)=Fi{G{s),Ko{s))è.

- s 1 + A . i 2s - h L ^ ( - s I +  A) H2 i ^

■ ^ 2 1 . ^ 1  +  ^21 „^2 1

C l  +  r > i2 ( ^ 1 ^ 2 1  a 0

( 5 . 8 3 )

Where H 1 2 ,, H 2 1 , satisfy

H 12

1 2 .

Xi ,
-1

( 5 . 8 4 )
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^21 := ‘21.
1  - 1

X21, X21J X (“ )
21«=

( 5 . 8 5 )

jy the system  matrix M ko(̂s ) is well-posed, then  lim  FTo(6, s) exists and is

given by

K o(s) ^ M ko{s) ( 5 . 8 6 )

and this value o f K q{s ) achieves the limiting transfer function  Ty^u^{s).

Proof: As noted  before, for e >  0 the  central controller has system  m a trix  given

by (5.79). T he fact th a t MKo{e,s) —> M kq{s ) follows from  Theorem  5.1 and the

analy tic ity  of S i 2(e), 2 2 1 (e).

For p a rt (ii) assum e th a t e* is sm all enough so th a t those stab le  eigenvalues of 

W i2(e, s) which approach locations a t infinity, th e  finite jw -axis and  th e  open LHP 

are all in disjoint groups on [0,e*]. For e >  0 we know th a t  th e  closed loop transfer 

function  from  u i  to  t/i has Rosenbrock system  m atrix

—s i  +  A — B 2 U i 2{€) B i

—s E k  +  Ak ( 6 ) ^ 2 1 ( 5 . 8 7 )

C l — £ > i 2 ? 7 i 2 ( e ) 0

where Ek, Ak are given in (5.28). For e <  e* we can p a rtitio n  2 1 2 (e) and  2 2 1 (e) as 

follows:

1 0 7



A-12,(6) -^12.(6)

Hi2(€) = «12. (f) «12,(6) «12_(6)

Fl2.(6) [7i 2,(6) [7l2_(6) _

^21.(6) A-21,(6) %21_(6)

S2i(e) = «21,(6) «21,(6) «210.(6)

_ [721.(6) [721,(6) [721.(6) _

( 5 . 8 8 )

( 5 . 8 9 )

where

and

% 1 2 .( 6 ) % 1 2 , ( 6 ) % 1 2 . ( 6 ) X 1 2 . % 1 2 ,

l i m
c -* 0 « 1 2 . ( 6 ) « 1 2 , ( 6 ) « 1 2 . ( 6 )

=
« 1 2 . « 1 2 , 0

[7 i 2 . ( 6 ) [7 i 2 , ( 6 ) [7 i 2 . ( 6 )  _ [7 i 2 , [7i 2 , 77& L

% 2 1 . ( 6 ) ^ 2 1 , ( 6 ) % 2 1 _ ( 6 ) X 2 1 . % 2 1 , % ( ! )
^ 2 1 o o

l i m
e -» 0 « 2 1 . ( 6 ) « 2 1 , ( 6 ) « 2 1 . ( 6 )

=
« 2 1 . « 2 1 , 0

[ 7 2 1 . ( 6 ) [ 7 2 1 , ( 6 ) [ 7 2 1 . ( 6 ) [7 2 1 . [ [ 21, [ 7 ^ 1  _

( 5 . 9 0 )

( 5 . 9 1 )

A ssociated  w ith  those zeros of interest which remain finite as e —> 0 are the m a­

trices A i2^(e), A i2j(e) whose eigenvalues correspond to the eigenvalues of W { e , s )  on 

each subspace pertaining to the closed right half plane; similarly, A i2 . ( 6 ), A i2^(e) 

are m atrices whose eigenvalues correspond to those of 1^ 2 1 ( 6 , 5 ) on the pertinent 

subspaces. M oreover, w e have that

lim Ai2, (e) = A12, , Im  A12, (e) =  Ai2̂

l i m  A 2 i , ( € )  =  A 2 1 . ,  l i m  A 2 i_ , .(e )  =  A 2 i_,
6—♦O

(5.92)

(5.93)

Substitu ting and partitioning in (5.87) we obtain
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Now take  th e  lim it as e —̂ 0 to  get

(«) =  Hm (e ,  a) (5.95)e-^0

Perform  th e  following transform ations

colum n 2 =  colum n 2 - column 1 x X i 2  ̂

colum n 3 =  colum n 3 - colum n 1 x X i 2  ̂

colum n 4 =  colum n 4 - colum n 1 x X i 2 ^  

row 2 =  row 2 +  X^i^  X row 1 

row 3 =  row 3 +  ^ 2 ij ^  ^̂ ow 1 

row 4 =  row 4 +  X ^ i^  X row 1 

row 1 — X row 1 

colum n 1 =  colum n 1 X H 2 1  

w here H 1 2  and ^ 2 1  &re as given in  th e  theorem . P a rtitio n  the  first colum n and row 

in conform ity w ith  th e  partition ing  of H 2 1  and  and rearrange colum ns and  rows 

to  get
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where

( 5 . 9 7 )

We can now elim inate all b u t th e  first two rows and colum ns in  th e  (1,1) block since 

th e  rem aining p e rta in  to  diagonal blocks which are either com pletely unobservable 

or com pletely uncontrollable. This gives th e  result in  (5.83). N ote th a t the  transfer 

functions are  all R H °°  functions w ith less th a n  u n it norm . It therefore

follows th a t  Tj/jui 6 R H °°  w ith  <  1

For p a rt (iii) sim ply no te  th a t  Ti{G {s), K q̂ s Y) =  in (5.95).

□

Comment:  As in  th e  LQ G case, th e  lim iting controller m ay not exist. This is 

shown by exam ple in the  following section. This s ituation  m ay be  shown to  arise 

from  the  fact th a t there  is an  “alm ost d isturbance decoupling problem ” em bedded 

in  th e  singular problem  [57, 56].

Comment:  For singular problem s th e  m atrix  will be rank  deficient. This follows

X\2
from  th e  fact th a t th e  rank  deficiency of

’12

is 7*2 since th e  7*2 grade 1 infinite

u
. A sim ilar resu lt holds for (5 ).eigenvectors of are of th e  form

This indicates th a t ,  in general, the  central controller K q(̂s ) m ay be im proper. 

Comment:  By Theorem  5.1, the  lim iting solution to  (5.38) is given by

(5.98)
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Theorem  5.3 gives the  lim iting form  for the  controller, if indeed th e  lim it 

does exist. If this is the  case, then  it m ay be im proper; th is is seen in  th e  exam ples 

described in th e  following section. T here are cases, however, w hen th e  lim iting 

com pensator is p roper and is also of reduced order, i. e. of order <  n.  This has been 

no ted  in  [27] and is th e  subject of the  following corollary to  Theorem  5.3:

C o r o l la ry  5 .1  (R e d u c e d  O r d e r  P r o p e r  C o n tr o l le r )  Let  rg, :=  ran k  D ^ 2  

r 2a :=  V2 — V2 i . Assume, without loss o f  generality that

L>12 = ( 5 . 9 9 )

where D \ 2  ̂ G injective and partition B 2  in conform ity with the right hand

side o f  (5.99), i. e.

( 5 . 1 0 0 )-S21 -B22

Let D i \  = 0; D 2 2  =  0, D 2 1  he surjective and C 1 B 2 2  he injective. Suppose that 

W i2(-s) and W 2 i{s) have no finite zeros and that there exists an  e* >  0 fo r  which 

there is a solution to the H°° problem fo r  G(^e*,s) with  Amax(QoPo) <  1- Then there 

exists a proper controller K { s )  which solves the cheap problem fo r  G{s^; the 

order o f  this controller is at m ost n  — T2 2  •

Proof: T he condition C 1 B 2 2  injective im plies th a t  M gi2 & sim ple infinite zero 

s tru c tu re , i. e. all infinite zeros of of order unity.

1 1 3



The infinite zero eigenvectors are th en  th e  colum ns of
0

and H i2 =

%12. 0

^12, 0

^12, fra.

where,

ira, • —
0r a ^ X r a a

( 5 . 1 0 1 )

Suppose th a t H21 =

Theorem  5.1 th a t

X21 

$ 2 1  

U2 1

^12s ^22

, H21 G T hen  if a solution exists => by

and X 21 are nonsingular and

To = ^ 12- 0 ^12s ^22

- 1

> 0

Qo = X 2 1  ^ 2 1  ^  0

(5.102)

(5.103)

W e are given th a t  AmaxQoTb <  1

Amaæ(

=> by tak ing  5 =  1

rank

S u b stitu tio n  in  (5.27) gives

ÜLü(s) =

-^12, B 2 2
+ ) < i (5.104)

-

X ^ B 2 , =  Tl (5.105)

s
{—si  +  A2 1 ) ^ 2 1^ 1 2 , — ^ 2 1 ^ 1 2 * -j- X 2 1 B2 U1 2 , X 2 1 B22

U1 2 , 4 , a 0

( 5 . 1 0 6 )
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Let T  =
Tl

Tz
be a row com pression on X ^ X i 2, — ^ 21^ 12. T h en  from  (5.105)

r 1
^ 1 : A i 2

- ( X f i X i 2 .  -  $ I i $ 1 2 . ) —

0 A 22

(5.107)

w here E n  G r)x(n r) ^ 2 2  G are nonsingular. By sim ple equivalence

operations, it can be shown th a t

( 5 . 1 0 8 )

—aExx 4- j4ii A12 T1 U21

■K'o(«) = -4.21 -4.22 T2 U21

U\2. 4 . . 0

— s i  +  Bii^(j4ii — A 1 2 A 22 A 2 1 ) B f i^ T i  -  A n A 2 i T 2 ) U f ^

U 1 2 ,  — 7t22-4̂ 22̂ '4-21 - î r , ^ A 2 } T 2 U f ,

( 5 . 1 0 9 )

where

All := Ti(A^[%^Xi2. -  # i’i$i2,] +XfiS2Î/i2,) (5.110)

and

(5.111)A i := T2(A?’i[XfiXi2, -  $ ,̂$12.1 + X^B^U,2.)

w hich is a realization of TTo(5 ) of order a t m ost n  — T22. O

Com m ent:  I t  should be noted  th a t  Lem m a 5.1 cannot be readily  ex tended  to  the  

case where ^<5 2̂(5 ) has a m ore com plex zero s tru c tu re  a t infinity. If for exam ple all 

of th e  infinite zeros were of order 2 , th en  a sim ilar analysis to  th a t  carried  ou t above

—sBii + j4.li j4i 2
reveals th a t  ^ 2 2  =  0 in  (5.107). This indicates th a t if the  pencil

A 2 1  A 2 2

is regular th en , in  general, ^ 0 (5 ) in (5.108)would be im proper. I t can also be shown
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th a t  for th is controller, th e  modes a t infinity  are uncontrollable (see [3] for th is 

n o ta tio n  ) from  th e  in p u t channel corresponding to  in  (5.28) ; hence K { s )  

cannot be m ade proper by any auxiliary feedback Q{s)  in  (5.29). Indications are, 

however, th a t  th e  only viable Q(^) (viable in th e  sense th a t  it produces a well-posed 

system  m atrix  for ^ ( 5 ) a t least) is one which m ay be param eterized  in  term s of e 

w ith  a system  m atrix  which is itself no t well-posed in th e  lim it as e —> 0. I t is not 

clear how this can be constructed  in general.

T here is, however, a sim pler a lternative  w hich we will discuss, som ew hat briefly, 

in th e  next section.

5 .5  A N ew  Embedding for the Singular Problem

In  th is section we propose a new em bedding for th e  singular H°° problem ; th is em ­

bedding allows us to  ob ta in  reduced order proper solutions for ^  singular problem s.

Suppose first th a t  D n  =  0, D 2 2  =  0 and  th a t D 2 1  is surjective. We have already 

discussed th e  alleviation of th e  first two restrictions; we will shortly  describe how 

th e  final constra in t can be accom m odated. Finally, we assum e th a t  G \ 2  &nd G 2 1  

have no finite zeros.

If C 1 B 2 2  is injective then  Corollary 5.1 provides us w ith  a solution to th e  problem . 

If, however, C 1 B 2 2  is colum n rank  deficient ( in  which case will have infinite

zeros of m inim um  order 2) th en  we can proceed as follows: Choose a m atrix  C  of
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Cl

c
JB23 is in jective (th is can be doneth e  sam e colum n dim ension as C\ such th a t  

by using th e  singular value decom position, for exam ple [10]). T hen  by construction 

CeB 2 2  is also injective, where

Cl

eC
(5.112)

Now consider th e  new em bedding (see Fig. 5.4: N ote th a t ,  for sim plicity, th e  

D 21 block has been om itted)

Ciii(f, s)

Ci2,(e, s) Cigg(6, s)
Ci(e, s) =

- s I  +  A B i B 2

s

C l 0 0

e C 0 0

C 2 D 2 1 0

( 5 . 1 1 3 )

N ote th a t  the  in jectiv ity  of C B 2 2  guarantees th a t (?i^2 (e ,5 ) has zeros a t infinity  of 

order no greater th an  1 .

L e m m a  5 .7  There exists a controller Ki^s^ which solves the suhoptimal H°° problem  

fo r  the plant G{s) i f f  there exists an e* > Q fo r  which a solution to the suhoptimal 

problem fo r  the plant G\{e*^s) exists. Furthermore, i f  such an e* exists, it holds 

that a solution to the problem exists fo r  G\{^e,s) Ve G [0,e*].

Proof: T he proof follows the  same line of argum ent given in th e  proof to  Lem m a 

5.4. Suppose th a t  there  exists a com pensator K [e* ,s)  w hich solves th e  suboptim al
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V u

P lan t

Controller

eC

K ( s )

Figure 5.4: A nother em bedding of th e  p lan t G{s)

problem  for G i(e* ,5) for some e* > 0. To prove sufficiency, it suffices to  let the  

controller for each e 6 [0, c*] to  be given by K ( e , s )  = K { s )  := K {e* ,s) .  T hen  Ve we 

have

Tyiui (^)

+  G i 2T22{^)G2i {s ))
Ty^ui (̂ 5 — (5.114)

where

(5.115)

(5.116)

(5.117)
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and, as before.

2/1 : =
2/1

2/1.

- 1

(5.118)

(5.119)

Since each p a rtitio n  in (5.114) is a stable transfer function  a t e =  e* it follows th a t 

Tÿit^i(e, .s) 6  R H °°  Ve and, in particu la r, Ve 6  [0, e*]. By sim ple m a trix  m anipu la­

tions, it foUows th a t  Ve e  [0 ,e*] ||Tÿiui(ej<s)||oo <  (^*, '^)||oo <  1. In  particu lar,

we have th a t G , ll^yini(«s)||oo < ||^ n .i(€ * ,^ ) ||o o  <  1 -

For necessity, assum e th a t  the  controller ÜTo(^) solves the  problem  for th e  p lan t 

G{s). T hen we have th a t ||oo =  1 — <̂, 1 > < ^ > 0 .  A pply th e  controller

Kq{s)  and consider the closed loop system  for increasing e. Since Kq{s) in terna lly  

stabilizes G i(0 , j )  Î 22, ^ 22(^21(6 ) and  G 1 2 T 2 2  are all in R H °°\  moreover

these m atrices do no t depend on e => 6  R H °°  V e. Hence we have th a t

k := l l^ i i  4- G 1 2 T2 2 G 2 1 W0 0  < 0 0 . M oreover,

I Tÿiiii (C)^,
yitii

^{G\\ +  G 1 2 T 2 2 G 2 1

< \\T II—  W ^ y i u i  I I 0 0 +  ek

(5.120)

(5.121)

Now note  th a t  for e* :— ^  ll^ÿiüi (^? *®)||oo ^  1 — ^ -|- 4 — I — 2 ^ ^  E [0,€*].

□

T hus, as for our original em bedding, th is m ethod  provides us w ith  a m ethod  for 

solving singular problem s. T here is, however, an added advan tage to  using this 

new em bedding as described in th e  following lem m a:
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L e m m a  5 .8  Assum e that there is e* fo r  which there exists a solution to the 

problem fo r  G i{e*,s) with  Amax(Qo^o) <  1- Then there exists a controller o f  order 

at m ost n  — r^^ which solves the problem fo r  G(s).

Proof: Follows from  the  fact th a t th e  infinite zeros of Gi^^{e,s)  are, by construc­

tion , of order unity, a t m ost, and  th e  application of C orollary 5.1 and  Lem m a 5.7.

□

Comment:  Lem m a 5.8 and Corollary 5.1 provide us a m eans of obtain ing  reduced 

order solutions to  all singular problem s.

Comment:  I t should be no ted  th a t  the  s tru c tu re  of singular problem s will 

generically be simple, i. e. th e  zeros which p erta in  to  such problem s will alm ost

always be of order unity. This easily follows from th e  known sensitiv ity  of Jo rdan  

or Jo rdan-hke struc tu res  (for exam ple, W eierstrass and  K ronecker Canonical s truc­

tu res) associated w ith zeros of order 2 or h igher [18, 12]. T he em bedding procedure 

above clarifies th is for the  case of infinite zeros: for any e >  0 G\{e^ s') always has 

a sim ple s tructu re . In view of th is, th e  result s ta ted  in Corollary 5.1 is therefore 

m ade m uch m ore significant.
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Com ment:  Finally, we note th a t th e  constrain t on D 2 1  m ay be elim inated  by 

em ploying a com bination of b o th  em beddings discussed in th is chap ter, i. e.

—s i  +  A B i B 2

Cl 0 0

G 2 {e,  5 )  = eC 0 0

C 2 D 21 0

( 5 . 1 2 2 )

w here B i  and Ù 2 1  are as defined in (5.35).

Since th e  results described above can be dualized to  th e  case where D 21, say, is 

rank  deficient it  is seen th a t th e  em bedding procedures described here allow us to  

ob ta in  solutions to  singular problem s of order n  — min(7/i2,7/21) a t m ost, where 7712 

and 7721 are th e  respective nullities of D 1 2  and  Z>2i-

5 .6  Some Examples

In w hat follows we apply our results to  a few in teresting  exam ples.

C orollary 5.1 indicates th a t when u  has dim ension r  = n  the  jBT®® com pensator 

will be a constan t gain. This is shown m ore clearly in  th e  next exam ple.
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Example 5.1: If in CoroUary 5.1 we have rank  .82  =  n , all o ther assum ptions re-

0

m aining unchanged th en  we ob ta in  S12 = 0 and

Ko{s) _s_ %

I 0

(5.123)

which is a s ta tic  com pensator

21
(5.124)

W here Qo is as given in (5.98). This solution is im plem ent able by  o u tp u t injection 

and  m ay be com pared to  the  result in [67].

T he next exam ple illu stra tes th e  fact th a t, in  some cases, th e  lim iting com pen­

sato r can be im proper.

Example 5.2 (Francis [16, page 64]' Here we have

G(s) =

— s — 1 1 1 0

1
s+l (5+ 1)2 g 0 —s — 1 0 1

1 0 1 0 0 0

0 0 1 0

(5.125)

Here D 1 2  =  0 so we require the  infinite zero s tru c tu re  of C i ( s l  — A )  ^ B 2 ] this

0 0

transfer function  has all of its  zeros a t infinity. We therefore o b ta in  E 12 =

0 1 

0 0 

0 0 

1 1
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s) has 2t7. finite zeros w ith  A21 =
-1  1

0 - 1
and S 21 =

0 1

1 0

0 0

0 0

0 - 1

. I t th en

follows th a t  th e  cen tral controller is given by fifo(s) =  —(s +  1) which is easily shown

to  achieve th e  op tim um  (see also [16]) =  0.

Example 5.3: Take

G { s )  =
1

5+1

5 + 2
f+i

—s  — 1 1 1 0

0 —s  — 1 0 1

1 0 0 0

1 1 1 0

( 5 . 1 2 6 )

Here W i2(0,5) has no finite zeros and  we o b ta in  E 12 and E 21 as in Exam ple 5.2. In

- 1  0
th is  case, however, A21 =

0 - 2
and th e  cen tral controller is

1  —s 0

E ^ o ( - s )  = 0  0 - 1 ( 5 . 1 2 7 )

- 1  - 1 0

By Lem m a 4.3 the  controller in  (5.127) is not well-posed.
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Let us now a ttem p t to  solve th e  problem  for th is  p lan t using th e  em bedding

technique illu stra ted  in Fig. 5.4. W e take  e =  1 and  C  = 0 1 to  get

Gi (1,5)

- -

—s — 1 1 1 0

0 — s  — 1 0 1

1 0 0 0

0 1 0 0

1 1 1 0

( 5 . 1 2 8 )

Solving th e  pertin en t eigenproblem s, we see th a t W i 2 {s) now has a finite eigen­

value a t s =  — \/3  and  th a t A21 and H21 are as before; moreover

- y / S  -  1  0

1 1
( 5 . 1 2 9 )

— (v^3 +  1) 0

1 0

•=*12 =  1 0 > ^ 1 2  =

0 0

1 — \/3 1

N ote th a t I I 1 2  is nonsingular and th a t  Amax(foQo) =  0 <  1. S ubstitu ting  for 

Kq(s)  we ob ta in

A'o(s) =

- s - 1  - 1

( \ / 3  4 -  l ) ( a  -f- 2 )  — 1 ( 5 . 1 3 0 )

V 3 -  1 - 1

w hich has transfer function =  K q := — . For this com pensator, (a) =

g2+(2-iT ^a+ i-2K'o is stab le  (the poles are a t 5 =  —1.13 = b0.5jr) and has infinity

norm  < 1 (see Fig 5 .5 ) .
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F r e q u e n c y , w

102

Figure 5.5: M agnitude P lo t of Ty^^i for Exam ple 5.3

5.7 Summary and Conclusion

In th is chap ter we have proposed a procedure for solving the  singular problem . 

Theorem  5.1 shows th a t  in such cases th e  infinite zero s tru c tu re  of 

7kfG2i(^) ^ critical role in  the  required solution.

T he replacem ent of the  usual R iccati equations in [14, 35] by two generalized 

eigenproblem s involving the pencils in (5.5) and (5.24) has proven to  be p ivo tal to 

th e  analysis carried ou t. We ite ra te  th a t ,  in  our view, th is m ethod  of solution would 

ten d  to  be less sensitive to  num erical problem s. We therefore expect th e  procedure 

to  be num erically well behaved for e arb itra rily  small; by com parison, P etersen  has 

no ted  th e  problem s w ith th e  determ ination  of the  solution to  the  R iccati equation 

w hich occur using the  orthodox  approach. We also expect im proved num erical
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perform ance in  th e  regular case when th e  m atrices or Z>2if^ 2i ^re poorly

conditioned for inversion.

T he p e rtu rb a tio n  procedures described in  Sections 5.3 and 5.5 provide s tra ig h t­

forw ard m ethods of solving the  singular problem  by solving a nearby regular one. By 

com parison, th e  analysis in [57, 56], although very enlightening, requires th a t  we p er­

form  in p u t/o u tp u t,  s ta te  and  feedback transfo rm ations, solve th e  R iccati equations 

, for a regular subproblem  and finally derive the  required  controller by determ ining 

th e  solution to  a p ertin en t alm ost d isturbance decoupling problem . T he la tte r  is 

essentially a high gain feedback problem  which m ust, in  general, be solved by an 

ite ra tive  process in any case. On th is basis we claim  th a t  it is m uch m ore effective 

to directly  apply th e  ite ra tive  scheme of Sections 5.3, 5.5. W e no te , however, th a t  

the technique used in  [57, 56] allows one to  decouple the  in terac tio n  betw een 7  and 

e in the  double-iteration  process.

We have shown in Corollary 5.1 th a t a reduction  in  th e  order of th e  central 

controller is possible when th e  order of th e  infinite zeros of or is

unity. This can be shown to  resu lt from  the  replacem ent of th e  observer (or dual 

observer) s tru c tu re  in  th e  central controller by a reduced order observer (or dual 

observer). T he reader can consult the  p roof of the  m ain  resu lt in [14] for verification 

of th is. Of course, th is is sim ilar to  w hat obtains in  th e  LQ G problem  (see C hap ter 

4 and  [41]). T he m ain  po in t, though, is th a t in  th is  case, it is quite beneficial to let 

e - 4- 0. M oreover, th e  reduced order s tru c tu re  is generated  by th e  same procedure
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used to  synthesize th e  usual n - th  order controller; no separate  form ulae or procedures 

are required  as is usually specified in th e  lite ra tu re  [41] for th e  LQ G case.

Finally, we have derived an em bedding which allows us to  exploit th e  result 

described in  Corollary to  ob ta in  reduced order solutions to  all singular problem s for 

which th e  only zeros are a t infinity. These solutions have been shown to  have 

irreducible state-space realizations of m axim um  order n  — 771271(7712, 7721) where 7712 

and  7721 are the  respective nullities of D 1 2  and D 21.
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Chapter 6 

Zero Canceling Compensators for FDLTI 

System s

6.1 Introduction

In w hat follows we consider first th e  problem  of obtain ing  a com pensator Uoo(s) for 

the  p roper m  x  r  transfer function

G { s )  =  C { s l  -  A ) - ' ^ B  +  D  ( 6 . 1 )

such th a t  Gc{s) = G(s)Uoo(s) is non-stric tly  p roper and  Gc{s) has th e  sam e poles 

as G{s).  W e shall call such a com pensator an  infinite zero com pensator (IZC) of 

G(s)  and  th e  procedure which we shall describe will, of course, resu lt in  Uoo{^) 

being polynom ial. We subsequently show how th e  theory  developed can be easily 

ex tended to  case where G{s)  has zeros on :=  {jw , w E %}. A com pensator, U q( s ) 

w hich corrects for th e  zeros of (7(6) on (J® will be term ed  a zero com pensator 

(C^ZC). C learly, we can com pensate for zeros on ;=  {jw , w E %}, th e  extended
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im aginary  axis by com bining b o th  procedures; in keeping w ith  the  term inology 

already introduced,w e shall call th e  pertin en t com pensator a zero com pensator 

(C^eZC).

We m ake th e  following assum ptions

A 6 .1  G{s) is a ta ll m atrix , i. e. it  has as least as m any rows as columns.

A 6 .2  G{s) is non-degenerate, i. e. it  has full norm al rank.

A 6 .3  {C , A }  is detectable.

As ind icated  in C hap ter 1, th e  u ltim ate  purpose for studying  th is problem  is to 

em ploy these com pensators in  solving singular control problem s. Indeed, it should be 

clear th a t  if Uoe{s) is a C°^ZC for th e  transfer function G (s),  th en  UFe^{s), contains 

th e  entire s tru c tu re  of (7(6). ' I t is essentially the  knowledge of th is s tru c tu re  

w hich we hope to  exploit in  solving these problem s. In C h ap te r 7 we will apply 

th is com pensation approach  to  solve th e  singular in n e r/o u te r  factorization  problem . 

W hile we will not be addressing singular we do include, in th is chap ter, an

exam ple which indicates how the  theory  can be applied.

6.2 Transfer Function Approach to IZC Design

I t is a simple m a tte r  to  determ ine an  IZC from  (2.2). Specifically, rew rite  (2.2) as

G {s)R {s)  = L ~ \ s ) D { s )  (6.2)
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and let

D c { s )  :=  diag{<7!>i(6), • • •, (6.3)

where (f>i{s) is any polynom ial of degree i. e.

: =  + ----- 1- 7̂  0 (6 -4 )

Since (j)i{s) has, by construction, ki poles at infinity, it follows th a t  th e  k{ infinite

zeros of dii^s) are cancelled w hen the  p roduct d»ÿ»(6) is form ed. Hence D Dc{s)  is 

b ip roper and, since Z,(6) is also b iproper L~^DDc{s^  is b ip roper and therefore

has no zeros a t infinity. I t therefore follows from  (6.2) th a t  RDc{s^  is an  IZC of

G(6).

We will now show how to  ob ta in  a s tric tly  polynom ial IZC of (7(6); th is would 

resu lt in  a com pensated transfer function which has the  same poles as (7(6) (save,

perhaps for those poles of (7(6) which are cancelled by zeros of th e  com pensator).

Define

Uoo{s) '= ■gol{RDc{s)) (6.5)

w here pol(A f(6)) denotes the  polynom ial p a rt of th e  function M {s) .  Define also

t j f{s )  := R D ,{ s )  -  tJ^{s)  (6.6)

T hen  we have th e  following theorem :

T h e o r e m  6 .1  Let and  f^c»(^) ^6 defined as above. Then

(i )  U f{s) is strictly proper.
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(a) GÜao{s) is proper and has no infinite zeros, i. e. Uqo{^) IZ C  o fC { s ) .

(Hi) Uoo{^) has the descriptor representation

ÜocG) =
d i a g f s A i  -  J j t i + i ,  • • • , sA-r — Be

H 21 H 2 r 0

( 6 . 7 )

where

Be := d iag{R ci, • • •,

]>iO ]>il 4̂ iki

(6.8)

(6.9)

(6 .10)•••

where Hi- is the coefficient o f  s~^ in the i-th  column o f  R {s )  and  A* is the {ki +  

1) X { k i  4- 1) nilpotent matrix

Ai =
xl

Oixfci
(6.11)

Proof: P a r t  (i) follows directly from  the  definition of Uf{s).  It follows th a t  

G U f{s)  is also s tric tly  p roper. Observe now th a t

G U ^{s )  = L~^D D e{s) -  G U f{s). (6.12)

We have already shown th a t L~^D D c{s)  is proper and  has no infinite zeros; it 

therefore follows from  (6.12) th a t  GUoo{^^ also has th is  property . This is best seen 

by assum ing th a t  th e  transfer functions in (6.12) have th e  following state-space 

forms:
G Û o o { s )  =  £>i+ C i ( s 7 - ^ i ) - i S i

GTJf{s^ — D 2 C 2 { s l  — A 2 ) ^B2

L  ^ D D e { s )  — B q 4 "  C q{ s I  — A 3 )  ^ R 3

( 6 . 1 3 )
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and noting th a t  G Ü f(s)  stric tly  proper Z>2 =  0; thus D i = Dz  and is therefore

injective since L~^DD c  has no infinite zeros. T he result (ii) th en  follows.

Finally, we no te  th a t  th e  z-th colum n of Uoo{s) is

Ûooiis) =
(

— pol R-il Riki

/
1  s 

5 - 1  1

5*‘- l  5** 

5 * » - l

\

=  pol 22t

^ —fci + 1 5

Be,

<
g-ki  ^-fei+1

5 - 1  1

1  s gki-1 gki

=  2  2$ o

5

1

Be,

= E2 i(—sAi-\-Iki+i) Bci

( 6 . 1 4 )

1

5 - 1

1 5  • • • 5** Be, ( 6 . 1 5 )

5 - * ‘ )

( 6 . 1 6 )

( 6 . 1 7 )

( 6 . 1 8 )

w hich establishes (6.7). O

Comment:  N ote th a t by our previous discussions, it suffices to  replace Ri. in  the  

theorem  by a grade j  +  1 eigenvector f i .  corresponding to  th e  z-th zero of G(^) at 

infinity.
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To conclude th is section, we present a corollary to  Theorem  6.1 which expands 

on th e  p roperty  of infinite zero eigenvectors described in (2.6); we shall then  present 

a proof to  Lem m a 2.2.

C o ro l la ry  6 .1  Define

Mi := • • • C B  D

\  !
where the Ri- are as defined in Theorem 6.1. Then

is injective.

Proof: Choose

4 >i{s) = s^*

in (6.4). T hen  from  (6.15)

Üooii^) — +  • • • +  Rik-

Now observe th a t

G Ù ^,{s )  = ( D + ^  +

( 6 . 1 9 )

(6.20)

(6.21)

(6.22)

(6.23)

from  which we see th a t th e  constant te rm  in  th e  expansion of th e  LHS of (6.23) 

is equal to  Mi as defined in (6.19). It follows th a t M  = D i,  where D i  is given in 

(6.13), and  is therefore injective. □
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Proof to L em m a 2.2: Sufficiency follows directly  from  Lem m a 2.1. For necessity 

we no te  th e  following: If {/i^, ••• ,  i G r are a set of eigenvector chains a t

infinity  then , by definition, fi- = Ri-, i G r, j  G {0} w here R ÿ  is, as before, 

th e  coefficient of s~^ in  th e  z-th colum n of some b iproper R {s)  which effects the

Rio • • • Rto isdecom position (2.2). Since R{s)  is b iproper, it follows th a t R q =  

nonsingular; th is im plies (2.7). T he  fact th a t  (2.6) holds has, as no ted  before, been 

shown in [63] while (2.8) is im plied by Corollary 6.1.

□

6.3 Transfer M atrix Approach to IZC Design

T he design procedure described in th e  previous section requires a prelim inary  de­

com position of th e  form  (2.2). Since th e  procedure requires us to  o p era te  directly 

on th e  system  transfer function it is expected th a t th is m ethod  would be som ew hat 

lacking in th e  area of num erical reliability. In  this section we describe a m uch more 

feasible m ethod  for obtaining an IZC of a specified transfer function , G{s), by  ap­

plying u n ita ry  transform ations to  th e  corresponding state-space system  m atrix . To 

th is end we note th a t  Lem m a 2.7 implies th e  following: Define

(6.24)
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where E 2 . is as defined in (6.10). Let tZqo =  T hen there  exists an  nX (noo+r*)

m a trix  S i such th a t
• - 1

•=-2

spans th e  infinite frequency eigenspace of f  (a), i. e.

A  B  

C  D

where A is th e  n ilpo ten t m atrix

•=-1
A =

•^1

0
( 6 . 2 5 )

A =  diag{A i, • • •, A^} (6.26)

and  A  ̂ is as defined in (6.11). Thus it is seen th a t th e  IZC Uex,{s) in (6.7) can be

obtained  by determ ining th e  infinite eigenvalue s tru c tu re  of P{s).

Because we an tic ip a te  num erical problem s in determ ining th e  form  in (6.25) we 

shall proceed to  derive a basis-free rep resen ta tion  of U<x>{s). T he next lem m a is 

useful in th is regard . As before we assum e th a t G{s)  has the  Rosenbrock system  

m atrix
- s i  4 - A

Mg{s) =
B

D
( 6 . 2 7 )

L e m m a  6 .1  There exist unitary transformations S , T  such that

S M g { s ) T  =
-sErff +  A^if

( 6 . 2 8 )

—sEoo  4 -  A o o

where the regular pencil —sEco +  Ac© contains all the infinite elementary divisors 

of M g {s ).

Proof: T he p roof is constructive and follows directly  from  A lgorithm  4.1 of [11]. 

N ote th a t,  by assum ption  A2, M g{s ) has no colum n null s tru c tu re . □
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Let us now assum e a partition ing  of S , T  in conform ity w ith  th e  partition ing  of 

M g {s ) in (6.27) and  th e  LHS of (6.28), i. e. 5  =  ['S'ijoo]? T  =  i^ j  6  2. Define

— sEcx> + Aoo

T22.

Be

De
( 6 . 2 9 )

w here Boo, Do© are chosen so th a t Uoo{s) is regular and  has all its zeros a t prescribed 

locations in th e  com plex plane (th e  relevant details are given below).

Com ment:  O bserve th a t  th e  pencil —sE^x, +  A©© has th e  dim ensions of A, i. e. 

(^ 0 0  + r) X (tZoo +  r ) ,  w ith  ran k  Bo© =  l̂oo-

L e m m a  6 .2  With the indicated partitioning o f  S ,  T  the following hold 

(  i)T he  matrix  A^B©© is nilpotent and

T,o
( 6 . 3 0 )

A B 1̂2oo
A©ô B©© =

C D ^22oo 0

(ii)
Ti 2.

2̂2=
spans the infinite eigenspace o f  M g{s ).

(Hi) The triple Ao©,B©©} is observable,

(iv) Assum e that

— sEoo + A©o =
—sEii + All Ai2

A21 A22

( 6 . 3 1 )

where E n  E nonsingular fo r  B©© ^  0. Partition  ozzd

accordance with the R H S  o f  (6.31), i. e.

(6.32)^ 12 o o  = ^ 1 2 o o i ^12oo2 J ^22oo = Z 2 2 0 0 1 T 2 2 0 0 2

Then T^oo^ ~  ^ ^ 2200, ^  is nonsingular.
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Gomment:  T he  form  (6.31) m ay be ob ta ined  by application of th e  singular value 

decom position (SVD) to  th e  pencil —sE^so +  A©©.

Proof: N ote first th a t  A©© m ust indeed be nonsingular and A^B©© n ilpo ten t since 

all th e  zeros of —sB©© +  A©© are at infinity. From  (6.28) we have th a t

( 6 . 3 3 )

C B J [ T22_ J [ %_A©©

and

A B ^ 1 2 o o

C D T 2 2 _ *^22 00 - 4  00

Ti 2.

0

^ 2 1  Be
( 6 . 3 4 )

R ight m ult i ply (6.33) by A^B©© and su b stitu te  for th e  RHS using (6.34) to  prove

(i). P a r t  (ii) follows by com paring (6.30) w ith  (2.22) and  the  fact th a t  th e  pencil 

—sEoo +  A©o contains all th e  infinite zeros of (Lem m a 6.1).

For (iii) we first no te th a t  since th e  pencil —sB©© +  A©© has only infin ite zeros,

— sE(x> 4 -  A q o
th e  pencil 

th is pencil

A ssum e th a t

is injective Va E C. I t suffices, therefore, to  show th a t

las no infinite zeros. We will prove th is by contradiction.

—sE qo 4- Aqo

T22.
has a t least one zero a t infinity; th en  by Lem m a

2.3 th ere  is a t least one eigenvector chain a t infin ity  of m inim um  leng th  2. From  

(2.26) th is im plies th e  existence of non-zero vectors Vi and  Ug satisfying

—sEqo 4- A00

T22_

N ote th a t  from  (2.26) B©©ui =  0. From  (6.28)

■5 J 4 - A  B  

C  D

BooVg
Vi =

0
( 6 . 3 5 )

^ 12oo 0

T2200 “ B oo 4- A 00

( 6 . 3 6 )
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■si  A  B  

C  D

1̂2oo 0
Vi =

^22oo Eoo'V2

- s i  A  A  

C

Ti2 Vi = 21

oT*̂ 22
Ecx>V2 =

îl2oo^2

0

This last equation indicates th a t  th e  observability pencil
s I  +  A

( 6 . 3 7 )

( 6 . 3 8 )

has a t least

one zero a t infin ity  corresponding to  eigenvector th is, however, contradicts

th e  fact th a t th e  upper block of this pencil can only have finite zeros^. Hence the

°° ' is colum n rank  deficient m ust be false which proves
22c

assum ption  th a t

th e  result.

F inally, for p a rt (iv) no te  th a t  for Eoo =

th a t  3i2oo =  0. F u rth er su b stitu tio n  in (G.c

Ell 0 

0 0

3)

su b stitu tio n  in  (6.34) implies

B s^i A i 2
^22oo3 =

D ^22 A 22

( 6 . 3 9 )

Since S  is orthogonal, Aqo is nonsingular and G{s)  is nondegenerate it follows th a t

th e  m atrices 5 ? i - 4 i 2 B
, and

^ 2 -4 2 2 D

all have full colum n rank . It therefore

follows th a t  T^2 oo2 nonsingular (its dim ensions can be verified from  (6.31, 6.32)).

□

W e are now in a position to  s ta te  th e  following

^ E q u i v a l e n t l y ,  w e  n o t e  t h a t  t h e  s t a t  e - s p a c e  r e p r e s e n t a t i o n  o f  a n y  f i n i t e  d i m e n s i o n a l  l i n e a r  t i m e -  

i n v a r i a n t  s y s t e m  i s  a l w a y s  o b s e r v a b l e  / c o n t r o l l a b l e  a t  i n f i n i t y .  T h e r e  a r e  s e v e r a l  o t h e r  c o n t r a d i c t i o n s  

e v i d e n t  i n  t h i s  e q u a t i o n .
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T h e o re m  6 .2  Uoo(^) is a a  input IZ C  o f  G{s). Moreover the compensated transfer  

matrix Gcoo(s) •= G{s)Uoo{s) is given hy

(«) =
—s i  -f- A — 5oo + BDc

( 6 . 4 0 )

Proof: We no te  th a t  Gc^{s)  has th e  cascade realization

—sEoo  4 -  4 00 0 Boo

G c o o ( s )  =  M g , ^ ( s )  : = H T 2 2 _ —s i  +  A B D o o

H T 2 2 _ C D D o o

(6.41)

Now perform  the  following sse operations on

(i) co ln m n l= co lu m n l -|-colnmn2 x T i 2 ,

(ii) row 2=  row 2 X row 1

(iii) row 3 — row 3 — x row 1

This gives

^coo(^) =  ^G c^{s) :=

— sEqo + Aoo

— s{Ti2 ^  — Sfi Eoo) + AT\ 2 ^  + BT 2 2 ^ — 5 2 1  4 .0 0  - s I - \ - A

^E22^ E oo + CT\2^ + DT22^ — 'S'22 4oo

(6.42)

By su b stitu tio n  from  (6.33,6.34) the  (2,1) and  (3,1) entries of th e  LHS are zero 

=> (6.40) is a (not necessarily m inim al) realization of G c^{s).  N ote th a t  th is also 

implies th a t  th e  (1,1) block in (6.43) is unobservable.

Now we show th a t  Gc^i^s) has no zeros a t infinity. To do th is  we first use th e  

cascade realization  (6.41) and note th a t Uoo{s) has no infinite zeros by design. Hence
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th e  only infinite zeros of M g ^ ^ { s ) are those which m ay be a ttr ib u te d  to  G { s ) .  B ut

these are precisely the  zeros of the  pencil —sE^o +  Aoo which forms the (1,1) block

in (6.43) and  which has been shown to  be unobservable. It follows d irectly  th a t

G c^(s) has no infinite zeros. □

We will now discuss how Eqo m ay be obtained  so th a t  l/oo(s) is regular w ith  a 

prescribed set of zeros in C. We assum e w ithout loss of generality  th a t —s E qo +  ^oo 

is in th e  form  (6.31). It will also be assum ed th a t  B qo is su itab ly  p artitioned  to give

—s E i i  4- 4.11 4 i2

421 422

■22c 22c

'OOi

B002 (6.44)

where T 2 2 ^  is partitio n ed  as in (6.32). Recall th a t  from  Lem m a 6.2 T 2 2 ^^ is non­

singular and  set D^o =  0. Define

All := A-ii — .4.1 (6.45)

(6.46)

We are now in a position to  s ta te  the  following lem m a which will be useful in 

determ ining a su itab le value for .Boo*

L e m m a  6 .3  U o o { s )  is regular with  no© zeros in C i f f  B 0 0 2  G is nonsingular.

Moreover, the zeros o f  Uqo{s ) are the zeros o f  the pencil —s E \ \  +  A \\  — ^ 00% ^ ^ 2  G 

which can he placed arbitrarily in C hy suitable choice o f  B q̂ ^E %yrioo Xr

Proof: By using (2.26) it can be easily verified th a t  an  a rb itra ry  pencil N { s )  =  

—s E  4“ 4  B  _
, where E  is nonsingular, has no eigenvector chains a t infinity  of

D
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leng th  k{ > 1 ( and  therefore has only infinite zeros of order 0) iff D  is injective. I t 

then  follows th a t  th e  pencil in (6.44) has no infin ite zeros iff
T22003 ®

is nonsingular B 0 0 2  m ust also be nonsingular. T he rest follows by noting  th a t  the  

zeros of Uoo^s) are then  given by th e  roots of

0 =  d e t{M u ^{s ) )  =  de t ( — +  Â n  — B o o iB ^^G ).  (6.47)

By Lem m a 6.2 { ^ 2oo? ^ 00, ^ 00} is observable => { C , A n ,  E n }  is also observable 

indicating  th a t  th e  zeros of Z7oo(-s) m ay be arb itra rily  placed in  C. □

Comment:  An obvious choice for ^©03 is B 0 0 2  =  7^.

6.4 Zero Compensation on C 0

In  th is section we show th a t  th e  procedure developed above can be m odified to 

design a G°ZC. We begin w ith  th e  following lem m a:

L e m m a  6 .4  There exist unitary transformations S ,  T  such that

S M g ( s ) T  =

- -

—  sErest  H“ 0

* —sE j Aj
(6.48)

where the regular pencil —s E j  +  A j  contains only the elementary divisors o f  

M g {s ).
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Proof: As  in  Lem m a 6.1 th e  proof is constructive; in th is case it follows by applica­

tion  of A lgorithm  4.5 of [11] and th e  fact th a t  M g (s ) has, by assum ption , no colum n 

null s tru c tu re .

□

Again we p a rtitio n  th e  u n ita ry  m atrices S , T  in conform ity w ith th e  LHS of 

(6.48) and  s ta te  th e  following (see also Lem m a 6.2)

L e m m a  6 .5  With the indicated partitionings o f  S , T  the following hold 

(  i) The zeros o f  M g {s ) are the eigenvalues o f  the matrix E j ^ A j  and

A  B T i 2 , T i 2 ,

C  D T 22 ,  _ 0

( 6 . 4 9 )

(a) spans the finite eigenspace o f  M g {s ) corresponding to its zeros. 

The triple {T22J , A j, is observable.

(iv) S 2 2 j — 0.

Proof: T h e  proofs for (i) and  (ii) are sim ilar to  th a t for Lem m a 6.2(i) except 

th a t  now we em ploy th e  fact th a t E j  is nonsingular (if there  is a zero a t the  origin 

th en  A j  m ay be singular). For p a rt (iii) suppose th a t  3 a vector u ^  0 such th a t 

u =  0. T hen from  (6.48) and  th e  fact th a t  the  columns of
-jufEj + Aj

T2 2 ..

-ju>I  4 -  A  

C

Ti 2,

T2 2 .

w  = 0 .are u n ita ry  it follows th a t  3 a vector w  := T ^ jV  0 such th a t 

This however con trad icts th e  detectab ility  assum ption A6.3. Hence th e  result (iii) 

m ust hold.
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For (iv) no te  th a t from  (6.48), =  0; th e  result th en  follows from  the  fact

th a t E j  is nonsingular.

□

Now we define

Uj{s) A Mu As)  :=
- s E j +  Aj

T22,
( 6 . 5 0 )

and s ta te  th e  following ad ap ta tio n  of Theorem  6.2:

T h e o re m  6 .3  Uj{s)  is a Z C  o f  G{s) .  Furthermore the compensated transfer  

func tion  Gcj :=  G{s)Uj{s )  is given by

Gcj(s) =s
—s i  - f  A

C DDj
( 6 . 5 1 )

Proof: T he proof proceeds along lines sim ilar to  th a t given for Theorem  6.2 and  is 

therefore om itted . □

T he zero placem ent problem  in th is case is sim pler th a n  for th e  infinite zeros 

case. We first note th a t D j  m ust be nonsingular to  g u aran tee  th a t no jw -axis zeros 

are shifted to  infinity. W ithou t loss of generality, we therefore assum e th a t  D j  =

L e m m a  6 .6  Suppose E j  G Then the Uj zeros o f U j { s )  are the zeros o f  the

pencil —s E j  +  A j  — BjT22j- These m ay be arbitrarily placed in C by suitable choice 

o f  the m atrix B j  G

Proof: C learly the  zeros of Uj(^s) are th e  zeros of th e  pencil —s E j  +  A j  — BjT22j- 

By Lem m a 6.5 is observable => th e  zeros of G{s)  m ay be  arb itrarily

relocated. □
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6.5 Compensation Algorithms

In  th is section we s ta te  our first m ain  resu lt in  th e  form of th ree  algorithm s which 

utilize th e  theory  discussed above.

A lg o r i th m  6 .1 : I n f in i te  z e ro  c o m p e n s a t io n  

I n p u t :  S ta te  space param eters of G{s) = C { s l  — A )~ ^B  -f D.

S te p  4 Form M g{s ) =
—s i  4- A

C

B

D

S te p  5 Apply Algorithm 4-1 o f  [11] to M g{s ) to obtain the unitary transformations

0
S , T  which yield the lower hlock-triangular fo rm  (6.28) i. e.

—■sB q© +  A(x>
Partition S ,  T  as described in the discussions following L em m a 1.

S te p  6 Determine the S V D  o f  E^o, i- e. E^o =  U'EV. Set E^o =  S , A©© =  Aq^V,  

^ 2 ioo =  S 2 2 0 0  =  U'^S 2 2 oo, ? 1 2 o o  =  T i 2 ^ V ,  =  T2 2 0 . V . This transforms

—sEoo +  A©o into the fo rm  (6.31).

S te p  7 Determine the partitions E n ,  A n ,  A n ,  A 2 1 , A 2 2 , ^ 2 2 0 0 1  ^ 2 2 0 0 3

(6.31) and calculate A n  ond C from  ( 6 .4 6 , 6 .4 6 ) .

S te p  8  Using any pole placement algorithm, determine B o o i  G to place

the n©o poles o f  the matrix E f f i^ A n  — Boo^G) as desired (see L em m a 6.3). Set

Boo =
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O u tp u t :  8 2 1 ^ ,  ^22ooî ^ 12oo5 ^ 22oo5 Boo, A©©, Boo- T he IZC IS a polynom ial m atrix  

given by (/©©(a) =  T 2 2 ^ ( s E ^  -  A©©)-^B©©.

Comment:  N ote th a t th e  num ber (n©© =  rank  B©©) of com pensator zeros cannot 

be specified a priori.

A lg o r i th m  6 .2 : Z e ro  c o m p e n s a t io n  o n  t h e  jw -a x is  

I n p u t :  T he s ta te  space param eters of G{s) = C { s l  — A )~ ^ B  +  D.

S te p  1 Form M q {s ) =
—s i  +  A

C

B

D

S te p  2 Apply Algorithm 4-5 o f  [1 1 ]  to obtain the lower block-triangular fo rm

S oM g (s )To =
— sEfj 4- Ar^ 0

(6.52)
—s E f  4" A f

where the regular pencil —s E f  4- A f  contains only the finite elementary divisors of 

M g {s ) and S q, Tq are unitary.

S te p  3 Use the Q Z algorithm to determine the zeros o f  —s E f  4- A f .  Denote  

these by j(x>i, i = 1 , 2 , . . .  , k .

S te p  4 For each uji,i G k apply Algorithm 3.1 o f  [11] to —s E f  4- A f  to get

—  sEfreat  4  Afrest 0

* —s Êj  4  Â j
(6.53)

where now - s E j  +  Â j contains all finite elementary divisors o f  M g {s ) on
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S te p  5 Let S  = d m g { I , S k S k - i  • • • S i } S q, T  =  Todiag{/, T1T2 • • • T*}. Partition  S ,  

T  as described in the discussion following L em m a 4-

S te p  6 Obtain orthogonal matrices L ,  R  such that S 2 1 J = LS21 CLfid

Î 22,

12

T.22

R  are real projections o f  the indicated partitions o f  S  and T  respectively.

S te p  7 Set E j  =  L È j R ,  A j  =  L Â j R .  Using any pole placement algorithm, deter­

m ine B j  to place the poles o f  the matrix E j ^ { A j  — BjT22j) as desired.

O u t p u t :  E j ,  A j ,  B j ,  S2\j ,  P\2j, ^ 22 -̂ T he C^ZC is a proper ra tio n a l m a trix  Uj(s)  =

Com ment:  It is preferable to  ex trac t th e  infinite frequency s tru c tu re  of M q {s ) prior 

to  th e  application  of th e  QZ algorithm  [11] since the  la tte r , if applied directly  to  

AfcC-s) could wrongly detect infinite zeros as (large) finite ones [11]. Step 6 is 

necessary since S , T  will, in  general, be com plex m atrices; L,  R  m ay be determ ined 

using Givens ro ta tions [21].

Zero com pensation on m ay be achieved by com bining th e  previous algorithm s 

as described in A lgorithm  6.3 which follows.

A lg o r i th m  6 .3 : Z e ro  c o m p e n s a t io n  o n  th e  e x te n d e d  jw -a x is  

I n p u t :  T he s ta te  space param eters for G (s) =  C { s l  — A ) ~ ^ B  -f D .
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s i  + A
Step 1 Form  M q { s ) =

S te p  2 Determine the IZ C  for  G{s) hy Algorithm 6.1.

S te p  3 Determine the compensated transfer function  G c^{s) as specified in ( 6 .40). 

S te p  4 Determine the C^ZC fo r  using Algorithm  6.2.

O u tp u t :  5 2 1 ^ ,  S 2 2 j ,  'S 'l2 o o 5 *5'22oo5 ^ 1 2 ,5  ^ 22j 5 ^ 12oo 5 ^ 22oo 5 B j ,  A j ,  E ^ ,  A©©, B j ,  B©©. 

Boe(s) is given by th e  cascade

(6.54)

- s E j  4- A j 0 B j

:=  f/coC/j^) = B 0 0 T 2 2 , —^ B qo 4" A©© B©©

0 ^22oo 0

and G cqX ^ )  •— G^s^Uoei^) satisfies

- s I  +  A Ê

C Î)
(6.55)

where

B  := - (% !« ,J9©© 4- S 2 i^B j)

t> :=  -(522«,-B©©)

(6.56)

(6.57)

We now consider the  application of th e  procedures developed to  the  following 

exam ple (pg. 300, B rogan [4]):
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Exam ple 6.1

G{s) =

5 ^ 25 -|~3  s ^
1 7 + T p ~  ( 5 + 1 ) 2

1
s + 1

— 5 -f-2 («+1)2

1
s+1

75+4
ÎTTiF

(6.58)

for which the  state-space param eters are

- 1 1 0 2 0 2 - 1  3 1 1

A = 0 - 1 0 , B  = 1 - 1 0 1 0 , E  — 0 0 (6.59)

0 0 - 1 -1  1 3 -1  6 0 0

By apphcation  of A lgorithm  6.3 we determ ine th a t G (s) has 1 zero at infinity

th e  jw -axis . M oreover a su itab le zero com pensator is

—s — 0.6667 2.3094 -1 .1 5 4 7 -3 .5 0 7 8 0

-2 .6 6 0 7 0.4607 0.4607 1 0

Bog(g) A -3 .7 8 0 -1 .2 0 6 0 -1 .2 0 6 0 0 1

0 1 0 0 0

0 0 1 0 0

( 6 . 6 0 )

which has a zero a t .s =  —10.0. For th e  com pensated system  (6.55) we have th a t

B

2.0880 0.5767

1.9939 -0 .2 8 8 4

-1 .9 9 3 9  0.2884

(6.61)

and
-0 .5 2 3 4 0.6293

D  = 0.2058 0.0786

-0 .8 2 3 3 -0 .3 1 4 5

(6.62)
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N ote th a t  the  m atrix  Î )  has full colum n rank im plying th a t  th e  com pensated transfer 

function has no zeros a t infinity.

We conclude th is section w ith  an  exam ple which dem onstrates how these com­

pensators m ay be applied to  (and problem s:

Example 6.2

Let us consider th e  following exam ple for which we wish to  solve the  problem . 

We take  G (s)  in Exam ple 5.3, i. e.

G{s) =

r-
1 1

■S+l ( s + i y

s+2 s+2
L s + l

(6.63)

1 —  oc =  1 — a  <  1.For K { s )  =  a  G [0,1), we have

M oreover, ||T^tt,||oo m ay be m ade arb itra rily  sm all b u t th e  infim um  = 0 cannot 

be achieved w ith th is controller (requires an  infinite controller gain). In  fact, analysis 

of the  equation

=  G n  H- Gi2ÜT(1 -  G 2 2 K )~ ^ G 2 i =  0 (6.64)

leads us to  th e  conclusion th a t  no K { s )  exists which m akes ||T^to|| =  0.

Let us now apply  th e  theory  developed to th is exam ple. W e apply th e  IZC 

U( s )  = (s l y  in Block #  1 (F ig.6.1)to  ob tain

G i { s )  =
5 + 1

l ± 2.s+l 5-1-2
( 6 . 6 5 )

Note th a t th e  (2,2) block is im proper. We cancel the  im proper p a rt of the  relevant 

transfer function using Block #  2. This gives
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G + )
1

5+1 (6 .66)
0

Now we solve th e  H°° problem  for ^ 2(5 ). An obvious candidate  for a controller

IS

K 2 {s) =  -  (6.67)

w hich, incidentally , is also th e  solution obtained  using th e  s ta n d a rd  procedure 

(Lem m a 5.3) and  which results in P i{G 2 { s ) ,K 2 (s)) =  0. It is im m ediately  obvious 

from  th e  figure, however, th a t fifi(.s) which results from  the  feedback com position 

of 7^2 (*s) and Block 2 is not well-defined. In fact, this in terconnection  results in  a 

u n ity  loop gain configuration. Of course, satisfactory  solutions can be constructed  

as was shown above and it can be  shown th a t  a proper solution m ay be recovered 

by use of the  contractive operato r Q{s) in Theorem  5.3. For exam ple, Q{s) = 

yields K { s )  =  — in this case. I t  is no t clear how to  choose Ç (^) to  ob ta in  a 

p roper solution in general.

T he  characteristics of th e  singular problem  highlighted above give some indi­

cation of th e  level of difficulty involved in deriving a solution. In p a rticu la r, they  

show, a t least from  a practica l perspective, th a t  it m ay a t tim es be  pointless to  seek 

a solution to  th e  singular optim al problem , since th e  resulting  solution m ay be 

im proper and  hence unrealizable. M oreover, th e  behavior of th e  system  (6.63) shows 

th a t even if im proper controllers were allowed, there  are some serious issues to  be 

considered before a ttem p tin g  to  solve th e  problem  directly, as opposed to  solving
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w

C ontroller K {s )

{s +  2)

s+2

P (s )

Figure 6.1: C ontrol using Infinite Zero C om pensation

a nearby  problem . In [57, 56] th is issue, though  no t d irectly  addressed, is m ade 

tran sp aren t th rough  th e  role of th e  alm ost d istu rbance decoupling problem  which 

th e  au thors have shown to  be em bedded in  th e  singular problem . For cases such 

as these, we find th a t,  except in certain  situations, th e  lim iting form  of th e  cheap 

H°° com pensator does not exist.

T he exam ple above shows th a t  th e  com pensation approach  m ight be useful in 

giving us some insight into th e  issue of th e  existence of a solution to  th e  cheap 

problem . In particu la r, it would seem th a t th e  m ajo r fac to r here is the  infinite zero 

s tru c tu re  of G 2 2 {^)-
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6.6 Summary and Conclusion

In  th e  above, we have described sim ple procedures for ob tain ing  a C^^ZC w ithout 

recourse to  th e  usual recursive m ethods of, say, [54]. As no ted  in C hap ter 1, it is 

expected th a t such com pensators would be useful in th e  solution of singular control 

problem s. We believe th a t  th e  algorithm s presented  allow for th e  derivation of the  

required com pensator, Uoe(^)f in  a num erically reliable fashion.

T he sta rtin g  poin t for our analysis has been th e  definition of th e  infinite zero 

eigenvectors of a transfer function G (s)  as originally proposed in [63] and  expanded 

upon  in C hap ter 2 (D efinition 2.1).

T he procedures described for determ ining and B j  (Lem m as 6.3, 6.6) m ay be 

im proved by resorting to  descriptor pole placem ent techniques (see [2], for exam ple). 

Also, some savings in com putation  m ay be achieved by perform ing th e  decom posi­

tion  (6.48) on th e  reduced pencil —sE ^ f  -j- (6.28). This would also allow us to

tre a t the  design problem  on as a whole, ra th e r  th a n  having to  consider th e  point

a t infin ity  separately.

Finally, it is to  be noted th a t  the  assum ption A6.2 m ay be elim inated by appro­

p ria te ly  m odifying th e  design procedures. Specifically, degenerate transfer functions 

m ay be accom m odated by  first noting th a t  th e  decom position (2.2) now yields

d i a g { d i ( s ) ,  • • • ,  d / ( s ) ,  0 ,  0 ,  • • • ,  0 }
D { s )  =  ( 6 . 6 8 )

® ( m —r ) x r
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in  (2.3) for a G{s) of rank  L To ob tain  an IZC we can use Dc{s) in (6.3) of th e  

form

Dc(s) = diag(<;6i(6),.. - ,* ( 6 ) ,1 ,  • • • 1) (6.69)

w ith  th e  un ity  elem ents corresponding to  th e  null-space of G{s). Once again th e  

com pensator m ay be constructed  using th e  columns of R{s);  note th a t th e  last r — I 

columns of R~^{s)  span the  nuUspace of G{s). Since the  degeneracy of G{s)  is easily 

determ ined from  th e  K ronecker canonical form  of its system  m atrix , th e  required 

s tru c tu ra l inform ation  m ay be ob tained  by applying the  step  algorithm  [11]. Finally, 

note th a t  we can only com pensate or th e  “regular p a r t” of Ct(^); th e  com pensated 

transfer function  always inherits th e  com plete degeneracy s tru c tu re  of G{s). T he 

m odification of our procedure to  accom m odate degenerate p lan ts also allows us to  

ob tain  o u tp u t com pensators, say, for ta ll p lan ts (or in p u t com pensators for “fa t” 

p lan ts).
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Chapter 7

The Singular Inner/O uter Factorization Problem

T he theory  developed in th e  last chap ter will now be applied to  th e  problem  of 

obtain ing an inner-ou ter factorization  (lO F ) of a proper transfer function G{s) = 

C ( s l  — A )~ ^ B  +  D  which is allowed to  have zeros on It will be assum ed th a t  

conditions A6.1-6.3 hold.

T he background behind this p articu la r problem  has been discussed in C hap ter

1 .

7.1 Singular IGF Algorithms

Using th e  zero canceling com pensators of C hap ter 6 we propose th e  following pro­

cedure for solving the  singular lO F  problem :

A lg o r i th m  7 .1 : I n n e r - o u te r  f a c to r iz a t io n  (I)

I n p u t :  Transfer function  G{s).
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s t e p  1 Determine a C°^ZC Uoe{s), as described in Algorithm 6.3, with all o f  its 

zeros in the open LHP.

S te p  2 D eterm ine an lO F  o f  Gco^{s) := G{s)Uoe{^), i. e. ĜcoeC*®) — GiGo{s), using 

the M A T  L A B  function  io fr  [6 ], fo r  example.

S te p  3 From the above G{s) = GiGoUQ^{s). This directly gives the inner  fac tor  as 

Gi{s) = Gco^G~^{s);the outer factor is Go(s) = GoUqJ^{s ).

S te p  4 I f  required reduce to state-space form . This m ay be accomplished by

application o f  the M A T L A B  function  d e s2 ss  [6 ], fo r  example. Alternatively, 

m ay be reduced to state space fo rm  prior to the form ation  o f Go{s).

O u tp u t :  Inner  factor  Gi{s) ,  outer factor G oi^s).

N ote th a t  placing the  zeros of Uoe{s) in th e  LH P allows us to  adjoin its inverse to  

the  ou ter factor. Also the  factor Gi{s) m ay he determ ined from

(7.1)

In  order to  give a m ore detailed procedure, we note th a t a realization for Uoe (̂<s) 

is given by

—sEj  4- Aj — BjT22j - B j C -BjA22T22^^

= 0 — -|- A l l  — Bco, ^ {A\2 — -®cx3i-422) 2̂2 0̂2

—T22j - C -422% to2

(7.2)

T he algorithm  now proceeds as follows:
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A lg o r i th m  7 .2 : I n n e r - o u te r  f a c to r iz a t io n  ( I I )

I n p u t :  State space param eters o f G(^s) = Ci^sl — A )~ ^B  -\- D .

S te p  1 Apply A lgorithm  6.3 to obtain the compensated transfer fu n c tio n  G cq̂ s ) 

= C { s l  -  A ) - ^ ê  a d  o f  (6.55-6.57).

S te p  2 Set jD =  Î ) D ^ .

S te p  3 D eterm ine X ,  where A  >  0 solves the Riccati equation pertaining to the 

H am iltonian m atrix

A  -  ê D - ^ D ^ C  - Ê D - ^ ê ' ^

- C ’̂ C  A C F D D - ^ D ' ^ C  - { A - Ê D - '^ D '^ C ) '^  

step  4 Form the inner and outer factors o f  G{s^

H  := (7.3)

G . ( 4  =

— -}- A j  — B j T 2 2 j  

0

— BT 2 2 j

- B j C

■sEii -f All — Boo,C

- Ê C

0

0

■ s I - ^ A

-■Sj 4.22^22^

-1(4i2 — -800 4̂22)722

— BA 2 2 T2 A

-D A T 2 2 , -D ^ C D-^{D'^C A ê '^ X ) -1■DAA2 2 TA2

and

% (^ ) =
- s i  +  4  -  Ê D - ^ { D ' ^ C  +  ê ' ^ X )

C  -  D D - ^ { D ' ^ C  +  B ' ^ X )

BD~^

DD~^

(7.4)

(7.5)

O u tp u t :  The inner factor, G i{s), and the outer factor, Go{s).

Com m ent: Steps 1,2,3 follow from [16]. The rem aining step  4 em bodies the  gen­

eral outline previously given. T he form ulae for G q{s ) and  C?i(^) are obtained  by 

simplifying Gc{s) = Gc^X^)G~'^{s) and  Go{s) = G o{s )U q̂ { s ) where,
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G o ( 4  =

—s i  +  A
( 7 . 6 )

D ~ ^ { D ' ^ C  +  B ' ^ X )  

is th e  ou ter factor of Gc{s).

C om m ent: A lgorithm  7.2 yields a s ta te  space realization for Gii^s) which is of lower 

dim ension th a n  th a t obtained  from  A lgorithm  7.1.

We conclude th is chap ter w ith  an exam ple.

Exam ple  Take G{s) in  (6.58) and  apply A lgorithm  7.1 to  ob tain  th e  following inner- 

ou ter factorization:

Gi{s)  A

—s - h  5 . 8 6 8 4 - 2 . 5 5 1 4 1 3 . 3 1 7 1 2 . 1 2 4 4 0 . 9 1 1 3

7 . 1 2 8 7 - s - 4 . 1 2 3 9  1 3 . 0 0 4 8 1 . 9 9 0 7 - 0 . 3 1 8 1

- 7 . 1 2 8 7 3 . 1 2 3 9 - s  -  1 4 . 0 0 4 8 - 1 . 9 9 0 7 0 . 3 1 8 1

- 0 . 2 4 7 1 - 0 . 3 5 6 4 - 0 . 6 0 3 5 - 0 . 4 9 7 5 0 . 8 6 7 5

0 . 6 6 2 3 0 . 6 4 3 0 1 . 3 0 5 3 0 . 2 1 0 9 0 . 1 2 0 7

-
0 . 3 5 0 9 0 . 4 2 8 1 0 . 7 7 8 9 - 0 . 8 4 1 6 - 0 . 4 8 2 6

- s  -  1 0 0 0  0 3 . 9 2 5 3 0 . 4 6 1 2

5 . 7 7 3 5 —s — 1 1 0 - 0 . 2 6 6 3 - 0 . 2 6 6 3

s 5 . 1 9 6 2 0 - 5 - 1  0 - 1 . 2 6 6 3 - 1 . 2 6 6 3

- 5 . 1 9 6 2 0 0  —5 — 1 1 . 2 6 6 3 1 . 2 6 6 3

2 . 6 3 9 4 - 3 . 4 8 6 6 1 . 5 9 7 1  - 6 . 4 6 1 2 - 0 . 4 9 7 5 - 0 . 4 9 7 5

0 . 1 8 2 5 0 . 5 9 0 9 0 . 1 7 4 0  0 . 4 4 8 7 0 . 8 6 7 5 0 . 8 6 7 5

(7.7)

(7.8)

By direct inspection, it can be seen th a t  th e  direct feed-through m atrix  of th e  outer 

factor is ran k  deficient, verifying th a t th is factor contains the  infinite zero s tru c tu re
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of (7 (5 ). M oreover the  poles of Go{s) are the  poles of G{s) (these are all stable) and 

th e  single com pensator zero a t 6 =  —10.

1 5 8



Chapter 8

Conclusion

8.1 Thesis Summary

In th is d isserta tion , we have

1. Com prehensively dem onstrated  th e  u tility  of th e  G eneralized E igenproblem  

form ulation  of th e  Riccati equation for solving b o th  regular and  singular control 

problem s.

2. Used th e  G eneralized E igenproblem  form ulation to  characterize th e  lim iting 

tra jecto ries for the  cheap LQ and H°° problem s w ith  s ta te  feedback (C hapters 3, 

5) and  also to  determ ine explicitly the  lim iting value of the  solution to  th e  relevant 

R iccati equations. T he m ain foundation for the  result is provided by a know n result 

on th e  behavior of th e  invariant subspaces of a m atrix  valued function which is 

analy tic  in a scalar param eter, e (Lem m a 3.6).
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3. Used these results to  form ulate solutions to  th e  cheap LQ G and  H°° problem s 

w ith  m easurem ent feedback. T he descriptor represen ta tion  of FD L TI system s has 

facilita ted  th e  determ ination  of im proper solutions w here necessary. We have also 

seen th a t in some cases there  are no feedback solutions to  these problem s. On th e  

o ther hand , we have considered cases where th e  solution to  th e  cheap problem  is 

not only proper, bu t also of order 8  < n  and have proposed a p e rtu rb a tio n  scheme 

which enables one to achieve th is p roperty  for all cheap LQ G  and problem s.

4. Form ulated  zero canceling com pensators (C h ap te r 6). T he design of infinite 

zero com pensators, in particu la r, was proposed using th e  work of Verghese et uZ.[63] 

as a basis. T he definitions and concepts which were described in th is reference 

and  which p erta in  to  th e  eigenvector s tru c tu re  of FD L TI system s a t infinity were 

expanded upon in C h ap te r 1.

T he zero canceling com pensators allow for the  ex traction  of th e  “regular p a r t” 

of th e  pertin en t problem . A lthough the  apphcation  of these com pensators to  the

and H°° problem s has no t been com prehensively discussed, we have illu stra ted  

th e  u tility  of th e  approach.

5. Solved th e  singular in n e r/o u te r  factorization problem  for non degenerate tra n s ­

fer functions (C hap ter 7) using th e  zero cancehng com pensators developed in  C hap­

te r  6.
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8.2 Possibilities for Future Research

T he following po ten tia l areas for research arising ou t of th is work:

1. T he application of th e  zero cancellation approach to  th e  singular and H°° 

problem s. W ork on th is topic is curren tly  underw ay [8]. P relim inary  results have 

yielded th e  solutions described in C hapters 4, 5; th is indicates, a t least for th e  LQG 

problem , th a t the  lim iting solutions, if they  exist, are indeed optim al. W h at is still 

no t fully clear, however, is how one can pick an auxiliary com pensator, 0 (a ) ,  which 

w ould fully exploit the singularity  of the  problem  to  yield a controller of order <  n  

w hen the  p lan t has at least second order zeros at infinity  (Lem m a 5.1).

We have already alluded to  the  role played by the  infinite zero s tru c tu re  of 

^ 22(-3) in determ ining the  existence of a solution to  cheap LQG and  problem s; 

th is issue is, of course, also a m ajo r factor in singular problem s and is currently  

being investigated in [8].

2. The application of the  cancellation procedure to  o ther singular problem s; an 

exam ple is the spectral factorization problem  [16].

3. F inally  we note th a t in this d isserta tion , we have focused on th e  problem  of 

zeros and , in  particu lar, we have concentrated  on the  effect of infinite zeros. Im plicit 

in  th e  usual and H°° design procedures, however, is th e  restric tion  th a t  the  

relevant system  should have no poles a t infinity, i. e. it cannot be im proper. T he H°° 

package in  [6], for exam ple, signals th e  user if such a s ituation  occurs; ad justm en ts 

m ust th en  be m ade in  the control weights before com putation  can proceed. It
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is instructive  to  consider how th e  situation  involving an im proper augm ented p lan t 

m ay arise in practice. Consider again the  mixed sensitivity  problem  in Fig. 1.1 where 

th e  design weights are invariably decided upon from  perform ance (low frequency) 

specifications and p lan t uncerta in ty  (high frequency) d a ta . For sim plicity, assum e 

a single-input single-output p lan t G (s). If the  required roll- off, as specified by 

the  roll- off ra te  of H 3 ,is too gentle and  the  original p lan t is itself stric tly  proper, 

th en  th e  augm ented p lan t will inherit some of the  infinite zero s tructu re . On th e  

o ther hand , if th e  roll-off ra te  is too g reat, i. e. if th e  required  roll-off is greater 

th an  th e  p lan t roll-off, then  the  augm ented p lan t will be im proper. To the  a u th o r’s 

knowledge, the  problem  of G (s) being im proper has no t been fully tre a ted  in the 

lite ra tu re . In Copeland and Safonov [9] this problem  is considered for th e  case 

where the  infinite poles are all either unobservable or uncontrollable, however a 

m ore detailed trea tm en t is required. T he work of Bender et al.[S] and  others seems 

to be im p o rtan t in this regard.
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Appendix A

A .l On the Non-Uniqueness of Eigenvectors at 

Infinity

Here we show how a new set of eigenvector chains a t infinity can be generated  by 

tak ing  linear com binations of an existing set of chains. T he result can be shown to  

hold for eigenvector chains of constant m atrices. This lends fu rther justification  to  

th e  definition of eigenvector chains a t infinity as proposed in  Definition 1.1.

L e m m a  A . l  Suppose that G (s) has infinite zeros o f  respective orders ki, i E r .  

Also let Afk an index set containing all i E r  fo r  which the corresponding infinite  

zeros are o f the same order ki — k and A f he any (not necessarily complete) set o f 

indices i fo r  which the corresponding zeros at in fin ity  are o f m in im um  order k .
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Lef Zk,i he a composite vector o f the first k elements o f  the chain  { /, 

which corresponds to the i-th  infinite zero, i G A f i. e.

/û ,}

—

f i h - i

(A.l)

(i) Define

^ ^  1 ^i^k,i
i£Àf

(A.2)

; w := ^^OLifi,^, fo rm  an eigenvector

where the cx-i ŝ are arbitrary non-zero scalars and where A f  Pi A/% ^  0, i. e. the sum ­

m ation (A .2 ) includes at least one chain corresponding to a zero o f order k . Then
I \

z
the elements o f the composite vector 

chain at in fin ity  corresponding to a zero o f order k .

(ii) I f  in  (i) ahove. A/* Pi A/% =  0, then the elements o f  z  fo rm  a partial chain 

corresponding to a zero o f  order k :=

Proof: P a r t  (i) can be  ascertained  by direct substitu tion  in  (2.6). For (ii) simply

note th a t ^
^k,i

7
, take z =  ^  apply th e  result in  (i).

Af
□

A.2 Proof of Lemma 2.7

T he following results are required to  prove Lem m a 2.7.
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L e m m a  A . l  Let S{s)  =  —sE  A  he a regular m atrix  pencil with I eigenvalues a<l 

s — \  £  CU {oo} o f respective orders qi, i E I, with corresponding eigenvector chains

( A D
Qi + 1, A =  oo 

A ssum e that the ki are arranged in decreasing order i. e.

follows:

\Zi

k l > k 2  kl

he any vector E and define a new chain o f  vectors, as

=  E
iei

(A.2)

whe re

(A.3)
>  0

0, otherw ise 

and i = m  is the firs t index fo r  which Zi ^  0 .

Then  {2/^^^} is an eigenvector chain o f S {s) corresponding to the eigenvalue s = \

o f order •

Com m ent: T he new chain defined above is a linear com bination of the original 

chains form ed by alignm ent of th e  highest grade eigenvectors. Thus, the  last elem ent, 

y ^ ^ ^ \  of the chain is always given by the im plied linear com bination of th e

highest grade eigenvectors corresponding to  the eigenvalue s = \ .  Similarly, the
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nex t to  last elem ent is a linear com bination of the  next to  highest grade eigenvectors, 

and so on. T he shorter chains are padded w ith  zero vectors to  m ake the ir lengths 

com patible w ith th a t of the longest chain.

Proof: W ithou t loss of generality, we assum e th a t the pencil S {s)  is in K ronecker 

canonical form . We will first prove th e  result for A E C; it  therefore suffices to  prove 

the  result for a m atrix

J  = d iag { J i, • • •, Jz}

w here each Ji is a X ki Jo rd an  m atrix  w ith eigenvalue s = X.

F irst note th a t yV) is a grade 1 eigenvector corresponding to  the  eigenvalue a t 

A and  th a t  the  chain satisfies:

( _ A / +  j y U  =  0 

{ — X I  +  =  y ^ ^ \  j  =  2 , ’ "  , k m

Thus is indeed an eigenvector chain corresponding to  th e  eigenvalue A; since

y{kra) Ç K er {J  — X I)^^  th is chain is of length  k = km (see [32], for exam ple). This 

proves th e  result for finite A.

T he proof for A =  oo is obtained  by repeating  the  above for the  eigenvectors 

corresponding to  th e  eigenvalue a t p =  0 for the  pencil S{p) = —E  +  pA .

□

(A.4)

L e m m a  A .2  Let

'—‘h • — E (A.5)
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he a m atrix o f all eigenvectors o f P{s^ at in fin ity  o f the highest grade. Then the

m atrix

M  := G D (A.6)

is injective.

Proof: Suppose th a t ,  contary  to  th e  conclusion of th e  lem m a, M  is not injective. 
_ \

T hen  3 z

zi

E 3̂** such th a t

\^Zr J

M z  — 0 (A.7)

Assume, w ithout loss of generality, th a t k i > i E r ,  and  th a t Zi ^  0. Form  a 

new vector chain satisfying

yO') = (A.8)
zEr

where

(A.9)
f )  =  (('") f e > 0

=  0 otherw ise

By Lem m a A .l this new chain is an eigenvector chain of P {s)  a t infinity of 

leng th  k = k \. However, (A.7, 2.26) im ply th a t it is an eigenvector chain of length 

k > k i  (from  (2.26) it is easily verified th a t any vector v  which is an  eigenvector a t 

infin ity  of less th an  the  highest grade, satisfies M v  = 0, while those of the  highest 

grade satisfy M v  ^  0). This is an obvious contradiction  which indicates th a t the  

hypothesis th a t  M  is no t injective is false; th e  result therefore follows. □
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P roof o f Lem m a 2.7: P a r t  (i) is proved in  [60] by a simple extension of a sim ilar 

result for finite zeros due to  Rosenbrock [45].

For p a rt (ii), note th a t  ••• , }, 2 E r ,  is an eigenvector chain of G (s)

a t infin ity  => from  (2.6, 2.26) th a t (2.54) is satisfied and th a t the  vectors do 

indeed form  chains of eigenvectors of P (s )  a t infinity.

On th e  o ther hand, suppose th a t the eigenvector chains i E r ,

satisfy (2.54). Then since these vectors are linearly independent,

rank uio • • * '“ io =  r (A.IO)

m oreover, by (2.26), the  chains {u*y} satisfy (2.6).

Define also Af as in Lem m a A.2 and  note th a t its 2-th  colum n is given by

. . .  C B  D

U i

(A . l l )

By Lem m a A.2, M is injective => by Lem m a 2.1 th a t {ui^, , }, i E r ,  are

eigenvector chains of G (s) a t infinity. □.

1 7 4



Appendix B

B .l  Optimal Cost

In  w hat follows, we derive the  cost associated w ith th e  transfer function in

(4.33).

F irst let

where

B t  : =

A t • —

— + ^ 21, 1̂ 21)

^1.^12, + 1^12^12, — R 2I,

Ai 2 Ati3 

0 ^21,

(B .l)

(B.2)

(B.3)

(B.4)
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T hen note th a t  from  Theorem  1.53 [31] the  hm iting variance m atrix  Q 

in response to  un it in tensity  w hite noise is th e  unique solution to

A t Q  4"  Q A i j i  4"  B ^ B r p  —  0

M oreover, th e  optim al cost J* is given by

J* =  TrfCyCyQ)

Expanding (B.5) we get

A1 2 Q11 4- Q1 1A12 4- A.T13Q12 4- 4- Hi2,B*B^Hi2.

A2 1 .Q 22 4- Q2 2 A2 1 , 4- (X 21 4- î72i,D2i)(X2i^Bi 4- P 2 1 . B 2 1 )

Ai2,Qi2 4- Q1 2A2 1 , 4- AT1 2Q 2 — ^ 1 2 , B*(%2i.Pi 4- ^ 2 1 1̂ )2 1 )

We prove th e  result by a series of assertions:

A s s e r t io n  B . l  The unique solution to Q 2 2

Q 22  =  - X ’21, ^ 21,

Proof: From

X21, X21,

{—s i  4- A2 1 ,)

X’2 1 , X 2 I.

B̂ 2i (0 ,s) ^21, = ^21,

U2 I, 0

one obtains

(X 2 1 ,  H i  4- Î721, D 2i ) ( X 2i ^ R i  4- P 2 I . P 2 1 ) X21,(-^21,Pl +  ^2 1 , ^ 2 1) 4- 

^21.(-^21,^1 4- U21.P'2i )

Q l l  Q i 2 

Qi2 Q2 2

( B . 5 )

( B . 6 )

( B . 7 )

( B . 8 )

( B . 9 )

( B . I O )

( B . l l )

17 6'



= — (A$21, -f ^21, A21) — C2$21.

=  ~(X2i, A-t-Î721_̂ C2)$21. — X21^^21, A21,

=  —( A 2 i , % 2 1 , ^ 2 1 .  4 - X 2 i ^ $ 2 1 , A 2 1 , )  ( B . 1 2 )

Hence (B.8) is satisfied by (B.IO). By Lem m a 1.5 of [31] th e  fact th a t  A21 is stric tly  

H urw itz implies th a t this solution is unique.

□

A s s e r t io n  B .2  The unique solution Q 1 2  i'^ ( ^ -^ )  given by

Q i 2 =  0 (B.13)

Proof: By direct su bstitu tion  for have

■AT1 2 Q1 2  — Hi2,P*{^21,P^ P2 1 .P 2 1 ) =

~ ^ 1 2 ,  ( . 4 J 3 ’2 1 , - X ’2 i , ^ 2 1 ,  +  4 -  7^2 1 , ^ 2 1 )  4 -  ^ 2 1 , A ’2 i ^ $ 2 1 ,  A 2 1 , )  ( B 1 4 )

=  - H [ ^ ^ { A { H 2 1 , X 2 ^, -  1)^21. +  (H 2 1 .%2 1 . -  1 )^ 2 1 .A 2 1 ) (B.15)

N ote th a t in the  last equation we have used th e  following relationship:

B i [B-^̂ X2i , 4- -O2 1U2 1») =  —{A^21, 4" ^ 2 1 , A 2 1 ) (B .16)

By (3.48) {1 1 2 1 ^X 2 1  ̂ — L )$ 2ia — 0- Hence the  left hand  side expression in (B.14) 

is zero. Substitu tion  in  (B.9) gives

Ai2gQi2 4- Q 1 2A2 1 , =  0 (B.17)

T he result follows by application of Lemm a 1.5 in [31] and  th e  fact th a t and

Agi^ are b o th  stric tly  H urw itz.
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□

Now expanding (B.6) we get 

J* =  T r[(C iX i2 , +  -Di2C^i2s) (E'i-X’i2, 4- D\2U\2,)Qx\\  4- Ti{H2i^C-iCxH2x,Q22\ (B.18)

T he last te rm  is

Tx[H2iC[CiH2l,Q22] = Tr[C;CiH21.Q22R2lJ

= TF[ClCiH21.Xl.$2i.^21.]

= T r[c ;c i$ 2 i.if2 ij

=  T r [ c ;C 'iP 2 iJ  (B.19)

Use

(<Pi%i2, 4- D i2 ^1 2 ,) {Ç\Xx2,  4- D x2U\2s) =  ~(.^12g (A ^12, 4" * 1 2 ,A i2 .) 4" ^ 1 2 ,^ 2 ^ 1 2 .)

=  —(A i2 ,X i2  *12, 4 -% i2 ,* 1 2 ,A i2 ,)  (B .20)

to  get

T r[(C iX i2 , 4 -U i 2?7i 2,) (C i% i2 , 4 -U i2?7 i2 ,)Q ii] =  —Tr[Ai2,-X’i2 ,* i2 ,Q i i  4-

X i 2,*12, Ai 2,Qi i ]

=  —T r[ (X i2 ,* i2 ,) (A i2 ,Q ii  4- Q 1 1A 1 2 ,)]

(B .21)

From  (B.9) and  Assertion B.2 th e  first te rm  on the  right hand  side of (B.18) is

T r ( X 2 .  $ 1 2 .^ 1 2 .  ̂ . ^ 1 ^ 1 2 . )  =  T tP i 2 .B . b 1 (B.22)
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giving
J* =  T r ( P i 2 . P * P *  + C 1 C 1 P 2 1 . ) .



Appendix C

C .l Limiting Transfer Function

A s s e r t io n  C . l  T h e  l i m i t  t r a n s f e r  f u n c t i o n  i s  g i v e n  b y

P r o o f :  B y direct substitution

( C . l )

P i(G(5),P(5)) =

- s i  +  A  —B 2 U 1 2

U 2 1 C 2 X 2 i (  — s i  +  A ) X i 2  4 -  X 2 1 B 2 U 1 2  4* U2\L'2N\2

Cl — D 1 2 U 1 2

Bi

U2 1 P 2 1

0

( C . 2 )

Now add Ygi ^7 row 1 to  row 2, subtract column 1 by X 12 from column 2, m ultiply  

column 2 by -I and interchange columns 1 and 2 to  get:

{ —s l  4 -  A ) X i 2  4 -  B 2 U 1 2 - s i  A  A

0 X 2 i i ~ s l  4 -  A )  4 -  U 2 1 C 2 ^ 2 1 ^ 2 1  4 -  X 2 1 P 1

C 1 X 12  4 -  D i 2 ^ 1 2 C l 0

( C . 3 )

ISO



Finally  m ultip ly  row 1 by H '1 2 and colum n 2 by  —H 2 \ to  ob ta in  th e  m atrix  pencil 

listed  in  Table 4.1b and  apply the  sam e argum ents as in  the  m ain body  of th e  proof 

of the  theorem  to  get the  result. □
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